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Abstract. Given a complex, separable Hilbert space H, we consider differ- 
ential expressions of the type t = —{d?/dx'^) + V{x), with x G (a, oo) or 
X £ R. Here V denotes a bounded operator-valued potential V(-) G B{'H) such 
that V{-) is weakly measurable and the operator norm || V{-)||bc^) is locally 
integrablc. 

We consider self-adjoint half-line L^-realizations Ha in L^{(a, oo); dx-jH) 
associated with r, assuming a to be a regular cndpoint necessitating a bound- 
ary condition of the type sin(«)u'(a) -|- cos{a)u{a) = 0, indexed by the self- 
adjoint operator a = a* S B{'H). In addition, we study self-adjoint full-line 
L'^-realizations H of t in Z/^(R; dx; H). In either case we treat in detail basic 
spectral theory associated with Ha and H, including Weyl-Titchmarsh the- 
ory. Green's function structure, eigenfunction expansions, diagonalization, and 
a version of the spectral theorem. 



1. Introduction 

The principal topic of this paper centers around basic spectral theory, includ- 
ing Weyl-Titchmarsh theory, Green's function structure, eigenfunction expansions, 
diagonalization, and a version of the spectral theorem for self-adjoint Schrodinger 
operators with bounded operator- valued potentials on a half-line as well as on the 
full real line. More precisely, given a complex, separable Hilbert space we con- 
sider differential expressions r of the type 

T^-{S/dx^) + V{x), (1.1) 

with X G (a, oo) or x G M, and V a bounded operator-valued potential V{-) e B{'H) 
such that V{ ) is weakly measurable and the operator norm ||X^(-)||eCH) is locally 
integrablc. The self-adjoint operators in question are then half-line i^-realizations 
of r in L^((a, oo); dx; H), with a assumed to be a regular endpoint for t, and hence 
with appropriate boundary conditions at a (cf. (|1.2|) ) on one hand, and full-line 
i^-rcalizations of r in L^(R; dx\ TL) on the other. 

The case of Schrodinger operators with operator-valued potentials under vari- 
ous continuity or smoothness hypotheses on V{-), and under various self-adjoint 
boundary conditions on bounded and unbounded open intervals, received consid- 
erable attention in the past. In the special case where dim('H) < oo, that is, in 
the case of Schrodinger operators with matrix- valued potentials, the literature is so 
voluminous that we cannot possibly describe individual references and hence we pri- 
marily refer to the monographs [3] , |108| , and the references cited therein. We note 
that the finite-dimensional case, dim(?^) < oo, as discussed in [21], is of considerable 



Date: March 21, 2013. 

2010 Mathematics Subject Classification. Primary: 34B20, 35P05. Secondary: 34B24, 47A10. 
Key words and phrases, Weyl-Titchmarsh theory, spectral theory, operator-valued ODEs. 

1 



2 



F. GESZTESY, R. WEIKARD, AND M. ZINCHENKO 



interest as it represents an important ingredient in some proofs of Lieb-Thirring 
inequalities (cf. [78]). In addition, the constant coefficient case, where t is of the 
special form r = —{(P/dx^) + A, has received overwhelming attention. But since 
this is not the focus of this paper we just refer to [62], [63] Chs. 3, 4], [86], and the 
literature cited therein. 

In the particular case of Schrodinger-type operators corresponding to the dif- 
ferential expression r ~ —{(P/dx^) + A + V{x) on a bounded interval (a, 6) C M 
with either A = or A a self-adjoint operator satisfying A > clu for some c > 0, 
unique solvability of boundary value problems, the asymptotic behavior of eigen- 
values, and trace formulas in connection with various self-adjoint realizations of 
T = —{d^/dx^) + A + V[x) on a bounded interval (a, h) are discussed, for instance, 
in [n], [12], [E], [m, [12], [6l], [64], [65], [S], [93] (for the case of spectral param- 
eter dependent separated boundary conditions, see also [5], [3, [18]). 

For earlier results on various aspects of boundary value problems, spectral theory, 
and scattering theory in the half-line case (a, &) = (0, cxd), the situation closely 
related to the principal topic of this paper, we refer, for instance, to [6], [8], [38], 
[59]-[60], [64], [75], [S], [93], [IM], [rfg, [Ul (the case of the real line is discussed 
in [121j ). While our treatment of initial value problems associated with r given 
by p.ip in j56j was originally inspired by the one in Saito |112j . we do permit a 
more general local behavior of V{-). With respect to spectral theory for self-adjoint 
half-line realizations of r in L^((a,oo);dx;'H) we refer to the fundamental paper 
by Gorbachuk (59) . Our treatment in this context again permits more general 
potentials V{-), we also provide all details in connection with the derivation of 
(|4.7p (cf. (|4.11|) - (|4.19p ). not present in [59]. Our 2x2 block operator approach in 
Section O in connection with full-line realizations of r in L^(M; dx; T-L), with special 
emphasis on the structure of the Green's function (|5.16p and the Wcyl-Titchmarsh 
matrix (|5.18|) appears to be new, in particular. Theorems 15.21 and l5.4| represent the 
principal new results in this paper in this operator- valued setting. 

Next we briefly turn to the content of each section: Section [2] recalls our basic 
results in [ 561 on the initial value problem associated with Schrodinger operators 
with bounded operator-valued potentials. We use this section to introduce some 
of the basic notation employed subsequently and note that our conditions on V{-) 
(cf . Hypothesis 12. 7p are the most general to date with respect to the local behavior 
of the latter. Also Section [3] is of preparatory nature. Again following our detailed 
treatment in |56| . we introduce maximal and minimal operators associated with 
T = —{d'^/dx^) + V{-) on the interval (a, 6) C M (eventually aiming at the case of a 
half-line (a, oo)), and assuming that the left end point a is regular for r and that 
T is in the limit point case at the end point h we discuss a family of self-adjoint 
extensions Ha in _L^((a, b) \ dx; %) corresponding to boundary conditions of the type 

sin(a)u'(a) + cos(Q;)u(a) = 0, (1-2) 

indexed by the self-adjoint operator a = a* e B{'H) with u £% lying in the domain 
of the maximal operator ffmax corresponding to r. In addition, we recall elements 
of Weyl-Titchmarsh theory, culminating in the introduction of the operator- valued 
Weyl-Titchmarsh function ma{-) G B{'H) and the Green's function Ga{z^-^-) S 
B{T-C) of Ha. Section |4] then presents our first set of principal spectral results 
for the right half-line (a, cx)), denoting the corresponding self-adjoint right half- 
line operator in i^((a, oo); dx; H) by -ff+.a: Theorem 14.21 and especially. Theorem 
14. 5[ then yield a diagonalization of and contain its underlying generalized 
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eigenfunction expansion, including a description of support properties of the B{'H)- 
valued half- line spectral measure dp+.a- In particular, they illustrate the spectral 
theorem for F{H+,a), F G C(]R). Our final Section [S] then derives the analogous 
results for full-line Schrodingcr operators H in i^(R; dx\ TL), employing a 2 x 2 block 
operator representation of the associated Weyl-Titchmarsh Mq,(-, xo)-matrix and 
its i3('H^) -valued spectral measure dila{-,xo), decomposing R into a left and right 
half-line with reference point xq G K, (— oo, xq] U [xq, oo). The latter decomposition 
is familiar from the scalar and matrix-valued (dim('H) < oo) special cases. Our 
principal new results. Theorems 15.21 and 15.41 again yield a diagonalization of H 
and the corresponding generalized eigenfunction expansion, illustrating the spectral 
theorem for F{H) and support properties of dna{-,xo). Appendix 1X1 collects basic 
facts on operator-valued Herglotz functions, some of which are of interest in their 
own right. Appendix [B] recalls several equivalent definitions of direct integrals of 
Hilbert spaces and constructions of the model Hilbert space L^(R; dS; AC) associated 
with a i3(/C)-valued measure dT,) described in |53| and j57j and also describes a new 
connection with a construction due to Saito |112| . The topics in both appendices 
are frequently used throughout this manuscript and we hope they render this paper 
sufficiently self-contained. 

We should also add that while this paper completes our project on Schrodinger 
operators with bounded operator-valued potentials, it simultaneously represents 
the basis for the next step in this program: This step aims at certain classes of un- 
bounded operator-valued potentials V, applicable to multi-dimensional Schrodinger 
operators in L^(M";(i"x), n £ N, n > 2, generated by differential expressions of 
the type A -I- y(-). It was precisely the connection between multi-dimensional 
Schrodinger operators and one-dimensional Schrodinger operators with unbounded 
operator-valued potentials which originally motivated our interest in this circle of 
ideas. This connection was already employed by Kato |72| in 1959; for more re- 
cent applications of this connection between one-dimensional Schrodingcr operators 
with unbounded operator-valued potentials and multi-dimensional Schrodinger op- 
erators we refer, for instance, to [1], [35], [Hi, [75], [53], [55], [52], [SO], [110], [TTT] . 
[113| - [TT6] . and the references cited therein. 

Finally, we comment on the notation used in this paper: Throughout, Ji denotes 
a separable, complex Hilbert space with inner product and norm denoted by (•, ■)-u 
(linear in the second argument) and |j ■ respectively. The identity operator in 
H is written as I-^. We denote by B{'H) (resp., Boo{T~L)) the Banach space of linear 
bounded (resp., compact) operators in T-L. The domain, range, kernel (null space), 
resolvent set, and spectrum of a linear operator will be denoted by dom(-), ran(-), 
ker(-), p(-), and (t(-), respectively. The closure of a closable operator S in T-L is 
denoted by S. 

By *8 (M) wc denote the collection of Borel subsets of M. 

2. The Initial Value Problem Associated With Schr5dinger 
Operators with Operator- Valued Potentials Revisited 

In this section we recall the basic results about initial value problems for second- 
order differential equations of the form —y" + Qy = / on an arbitrary open interval 
(a, 6) C R with a bounded operator-valued coefficient Q, that is, when Q{x) is a 
bounded operator on a separable, complex Hilbert space % for a.e. x G (a, 6). In 
fact, we are interested in two types of situations: In the first one f{x) is an element 
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of the Hilbert space % for a.e. x G (a, 6), and the solution sought is to take values 
in %. In the second situation, J{x) is a bounded operator on % for a.e. x G (a, 6), 
as is the proposed solution y. 

All results recalled in this section were proved in detail in [56]. 

Wc start with some necessary preliminaries: Let (a, 6) C R be a finite or infinite 
interval and X a Banach space. Unless explicitly stated otherwise (such as in the 
context of operator- valued measures in Herglotz representations, cf. Appendix |A| . 
integration of A'-valued functions on (a, b) will always be understood in the sense 
of Bochner (cf., e.g., [13 p. 6-21], [H p. 44-50], [SIl p. 71-86], [HH Ch. Ill], [^51 
Sect. V.5] for details). In particular, if p > 1, the symbol LP{{a,b);dx]X) denotes 
the set of equivalence classes of strongly measurable A"- valued functions which differ 
at most on sets of Lebesgue measure zero, such that |1/(-)|Ia' ^ L^{{a,b)]dx). The 
corresponding norm in U'{{a,b)]dx; X) is given by 

ll/IUWM.;^) = f / dxWfixW;,)'' (2.1) 
\J{a,b) J 

and LP{{a, b); dx; X) is a Banach space. 

If H is a separable Hilbert space, then so is L'^{{a,b)]dx;'H) (see, e.g., [HI 
Subsects. 4.3.1, 4.3.2], [281 Sect. 7.1]). 

One recalls that by a result of Pettis |102| . if X is separable, weak measurability 
of Af-valued functions implies their strong measurability. 

If g G L^((a, 6); dx; A"), f{x) = J^^ dx'g{x'), xo,x G (a, 6), then / is strongly 
differentiable a.e. on (a, b) and 

fix) = g{x) for a.e. x G (a, b). (2.2) 

In addition, 

^ rx+t 

lim- / dx'\\g{x') — g{x)\\x = for a.e. .t G (a, &), (2.3) 

^4-0 t J rf. 

in particular, 

^ rx+t 

s-lim - / dx' g{x') = g{x) for a.e. x G {a,b). (2-4) 
t^o t J ,j, 

Sobolev spaces W^'^'P{{a,b);dx; X) for n G N and p > 1 are defined as follows: 
W^P{{a,b);dx; X) is the set of all / G LP{{a,b);dx; X) such that there exists a 
g G LP {{a, b); dx; X) and an xq G (a, b) such that 

f{x) = f{xo) + / dx' g{x') for a.e. x G (a, fe). (2.5) 

J Xo 

In this case g is the strong derivative of /, p = /'. Similarly, W^"'^((a, b); dx; X) is 
the set of all / G LP{{a, b); dx; X) so that the first n strong derivatives of / are in 
LP {{a, b); dx; X). For simplicity of notation one also introduces W^'P{{a, b); dx; X) — 
LP{{a,b);dx;X). Finally, W^f{{a,b);dx;X) is the set of A'-valued functions de- 
fined on (a, b) for which the restrictions to any compact interval [a, f3] C (a, 6) are 
in W^^'P{{a,f3);dx;X). In particular, this applies to the case n = and thus de- 
fines Lf^^({a, b); dx; X). If a is finite we may allow [a, /?] to be a subset of [a, b) and 
denote the resulting space by W["^^([a, b); dx; X) (and again this applies to the case 
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Following a frequent practice (cf., e.g., the discussion in [HI Sect. III. 1.2]), we 
will call elements of W^^'^([c, d]; dx; A"), [c,d] C {a,b) (resp., Wl^l{{a,b)]dx] X)), 
strongly absolutely continuous A:"- valued functions on [c, d] (resp., strongly locally 
absolutely continuous A"- valued functions on (a^b)), but caution the reader that 
unless X posseses the Radon-Nikodym (RN) property, this notion differs from 
the classical definition of ^Y-valued absolutely continuous functions (we refer the 
interested reader to [421 Sect. VII. 6] for an extensive list of conditions equivalent 
to X having the RN property). Here we just mention that reflexivity of X implies 
the RN property. 

In the special case where A" = C, we omit X and just write L^^^^j{{a, b); dx), as 
usual. 

A Remark on notational convention: To avoid possible confusion later 
on between two standard notions of strongly continuous operator- valued functions 
F{x), X £ (a, b), that is, strong continuity of F{-)h in y, for all /i G H (i.e., pointwise 
continuity of F(-)), versus strong continuity of F{-) in the norm of B{'H) (i.e., 
uniform continuity of F(-)), wc will always mean pointwise continuity of F(-) in Ti. 
The same pointwise conventions will apply to the notions of strongly differentiable 
and strongly measurable operator- valued functions throughout this manuscript. In 
particular, and unless explicitly stated otherwise, for operator-valued functions Y, 
the symbol Y' will be understood in the strong sense; similarly, y' will denote the 
strong derivative for vector- valued functions y. 

Wc start by recalling the following elementary, yet useful lemma: 

Lemma 2.1. Let {a,b) C R. Suppose Q : (a, 6) B{'H) is a weakly measurable 
operator-valued function with \\Q{-)\\b{'H) G Ll^^{{a,b);dx) and g : (a, 6) % is 
[weakly) measurable. Then Qg is {strongly) measurable. Moreover, if g is strongly 
continuous, then there exists a set E C (a, b) with zero Lebesgue measure, depending 
only on Q, such that for every xq € (a, b)\E, 



In addition, the set of Lebesgue points of Q{-)g{-) can be chosen independently of g. 

In connection with (|2.7|) we also refer to Theorem II. 2. 9], [HTl Subsect. 
III.3.8], [nil Theorem V.5. 2]. 

Definition 2.2. Let (a, 6) C R be a finite or infinite interval and Q : (a, b) — ?► B{T-L) 
a weakly measurable operator-valued function with ||Q(-)||8('H) G -^ioc(('^' '^^)' 
and suppose that / G L\^^{{a, b);dx; H). Then the valued function y : {a,b) ^ H 
is called a (strong) solution of 




(2.6) 



in particular. 




(2.7) 



- y" + Qy^f 

if 2/ e W^oc ((a, b); dx; H) and holds a.e. on (a, b). 



(2.8) 



We recall our notational convention that vector-valued solutions of (|2.8p will 
always be viewed as strong solutions. 
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One verifies that Q : (a, h) B{'H) satisfies the conditions in Definition 12.21 if 
and only if Q* does (a fact tliat will play a role later on, cf. the paragraph following 

Theorem 2.3. Let (a, b) C'R be a finite or infinite interval and V : (a, b) — > B{TL) 
a weakly measurable operator-valued function with 6 -^ioc((^i '^^)- 

Suppose that xq 6 (a, b), z € C, Hq, hi G H, and f G Ll^^{{a, b); dx; Ti). Then there 
is a unique H-valued solution y(z,-,xo) 6 W^^^ {{a,b); dx'jTi) of the initial value 
problem 

i-y" + {V^z)y^f on {a,b)\E, ^^.g) 

\ y{xo) = ho, y'{xo) = hi, 

where the exceptional set E is of Lebesgue measure zero and independent of z. 
Moreover, the following properties hold: 

(i) For fixed xq,x 6 (a, &) and z 6 C, y{z,x,X{)) depends jointly continuously on 
ho, hi G H, and f G L\^^{{a,b);dx;'H) in the sense that 

\\y{z,x,xo; ho, hi, f) ~ y[z,x,xo;ho,hi,J)\\^ 



< C{z, V)W\ho - ho\\^ + \\hi - hi\\^ + 11/ - / 



(2.10) 

H ' W'"^ '"'-WH ' II'' ■> \\Lmxo,x];dx;H)i' 

where C{z,V) > is a constant, and the dependence of y on the initial data 

ho, hi and the inhomogeneity f is displayed in (|2.10p . 
(m) For fixed xo G (a, o,nd z G C, y{z,x,Xo) is strongly continuously differen- 

tiable with respect to x on {a,b). 
(Hi) For fixed Xo G {a,b) and z G C, y'{z,x,xo) is strongly differentiable with 

respect to x on {a,b)\E. 
(iv) For fixed Xo,x G {a,b), y{z,x,Xo) and y' (z, x, Xo) are entire with respect to z. 

For classical references on initial value problems we refer, for instance, to |361 
Chs. Ill, VII] and |43| Ch. 10], but we emphasize again that our approach minimizes 
the smoothness hypotheses on V and /. 

Definition 2.4. Let (a, &) C R be a finite or infinite interval and assume that 
F, Q : (a, b) — >■ B{'H) are two weakly measurable operator-valued functions such 
that llF(-)lle(w), G L\oc{{(^M'^dx). Then the B('H)-valued function Y : 

{a, b) — !• B{T-L) is called a solution of 

-Y" + QY ^ F (2.11) 

if Y{-)h G W'^^l{{a,b);dx;n) for every /i G H and -Y"h + QYh = Fh holds a.e. 
on (a, 6). 

Corollary 2.5. Let (a, 6) C M &e a finite or infinite interval, xo G {a,b), z G 
C, Yo, Yi G B{TL), and suppose F, V : {a,b) — >■ B{H) are two weakly measur- 
able operator-valued functions with II-P'(') IIbch) G Ll^^{(a,b);dx). Then 
there is a unique B{H)-valued solution Y{z, ■, xo) ■ (a, b) — ?► B{H) of the initial value 
problem 

r _y" + (^V-z)Y = F on {a, b)\E, 

\y{xo)^Yo, Y'{xo)^Yi. 

where the exceptional set E is of Lebesgue measure zero and independent of z. 
Moreover, the following properties hold: 
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(i) For fixed xo G (a, ^) and z G C, Y{z, x, xq) is continuously differentiable with 

respect to x on {a,b) in the B{H)-norm. 
(a) For fixed xq S (a, 6) and z £ C, Y'{z,x,xq) is strongly differentiable with 

respect to x on (a, b)\E. 
(iii) For fixed Xo,x 6 {a,b), Y{z,x,xq) and Y'(z,x,xq) are entire in z in the 
B{'H)-norm. 

Various versions of Theorem 12.31 and Corollary 12.51 exist in the literature under 
varying assumptions on V and /, F. For instance, the case where V{-) is continuous 
in the B{H)-norm and F = is discussed in [66l Theorem 6.1.1]. The case, where 
II^(OIIb(« G -^1oc(['^' "^li ^^or all c > a and = is discussed in detail in jll2j 
(it appears that a measurability assumption of V{-) in the B(H)-norm is missing 
in the basic set of hypotheses of |112j ). Our extension to V{-) weakly measurable 
and ||V^(-)ll6(-H G -^locd'^' I5S] may well be the most general one published 

to date. 

Definition 2.6. Pick c G {a,b). The endpoint a (resp., b) of the interval (a, &) 
is called regular for the operator- valued differential expression ~{d^ /dx^) + Q(-) if 
it is finite and if Q is weakly measurable and ||(5(-) lleCH) G L\^^([a,c\]dx) (resp., 
\\Q{-)\\B(n) G Aoc([c,&];'^a;)) for some c G (a,&). Similarly, -{d'^/dx^) + Q{-) is 
called regular at a (resp., regular at b) if a (resp., b) is a regular endpoint for 
-(dVdx2) + Q(.). 

We note that if a (resp., 6) is regular for —{d^/dx"^) + Q{x), one may allow for 
Xq to be equal to a (resp., b) in the existence and uniqueness Theorem 12.31 

If /i,/2 are strongly continuously differentiable valued functions, we define 
the Wronskian of /i and fz by 

W4fij2){x) = {fi{x)j;,{x))n~{f[{x)j2{x))-H, x€{a,b). (2.13) 

If /2 is an H-valued solution of —y" + Qy = and /i is an 'H-valucd solution of 
—y" + Q*y = 0, their Wronskian W, (/i, f2){x) is x-independent, that is, 

^VF4/i,/2)(x) =0, fora.e. xG (a,6). (2.14) 

Equation (|2.34p will show that the right-hand side of (|2.14p actually vanishes for 
all x G (a, b). 

We decided to use the symbol W*(-, •) in (|2.13p to indicate its conjugate linear 
behavior with respect to its first entry. 

Similarly, if Fi,F2 are strongly continuously differentiable S('H)-valucd func- 
tions, their Wronskian is defined by 

W{FuF2){x)=Fiix)Fi{x)-F{{x)F2{x), x & {a,b). (2.15) 

Again, if F2 is a i3(-H)-valucd solution of -Y" + QY = and Fi is a ;B(H)-valued 
solution of -Y" + YQ = (the latter is equivalent to -(Y*)" + Q*Y* = and hence 
can be handled in complete analogy via Theorem 12.31 and Corollary 12.51 replacing 
Q by Q*) their Wronskian will be x- independent, 

-^M^(Fi,F2)(x) = for a.c. x G (a, 6). (2.16) 
dx 

Our main interest is in the case where V{-) = V{-)* G BCH) is self-adjoint, 
that is, in the differential equation tt] = zrj, where r] represents an H-valued, 
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respectively, ;B(7^)-valued solution (in the sense of Definitions \2.2\ resp.. [2^ . and 
where r abbreviates the operator- valued differential expression 

T = -{d^/dx^) + V{-). (2.f7) 

To this end, we now introduce the following basic assumption: 

Hypothesis 2.7. Let (a, b) C M, suppose that V : (a, b) B{T-L) is a weakly 
measurable operator-valued function with ||V^(-)||bch) G '^ioc((^' ^'*")' '^^'^ assume 
that V{x) = V{x)* for a.e. x G {a,b). 

Moreover, for the remainder of this section we assume that a G B{'H) is a self- 
adjoint operator, 

a = a*eS(H). (2.18) 

Assuming Hypothesis 12.71 and (|2.18|) . we introduce the standard fundamental 
systems of operator-valued solutions of ry = zy as follows: Since a is a bounded 
self-adjoint operator, one may define the self-adjoint operators A = sin(Q;) and B = 
cos(q;) via the spectral theorem. One then concludes that sin^(Q!) -I- cos^(q;) = lu 
and [sin a, cos a] = (here [•,•] represents the commutator symbol). The spectral 
theorem implies also that the spectra of sin(a) and cos(a) are contained in [—1, 1] 
and that the spectra of sin^(Q!) and cos^(q;) are contained in [0,1]. Given such 
an operator a and a point xq £ (a, b) or a regular endpoint for r, we now define 
9a{z, •, xo, ), 4>a{z, Xf)) as thosc S(H)-valued solutions of tY = zY (in the sense of 
Definition 12. 4[) which satisfy the initial conditions 



9a{z,xo,XQ) = (f>'^{z,xo,xo) = cos(q;), -(f>a{z,xo,xo) 9'^{z, xo^xq) = sin(Q;). 

(2.19) 

By Corollary 2.5 (iw), for any fixed x,xo G (a, &), the functions 6o,{z, x, xq) and 
4>a{z, X, Xq) as well as their strong x-derivatives are entire with respect to z in 
the ;B(H)-norm. The same is true for the functions z 0a{'z,x,xo)* and z n- 
ipa{z,x,xo)*. 

Since 9a{z, •, xq)* and (/)a(z, •, xq)* satisfy the adjoint equation —1"'" + YV = zY 
and the same initial conditions as 0a and (j)a , respectively, one obtains the following 
identities from the constancy of Wronskians: 

0'aiz,x,xo)*daiz,x,xo) - daiz,x,xo)*9aiz,x,xo) = 0, (2.20) 

(l)'^{z,X,Xo)*(l)a{z,X,Xo) - <paiz,X,Xo)*(l)'aiz,X,Xo) = 0, (2-21) 
(l)'aiz,X,Xo)*9a{z,X,Xo) - (l)a{z , X , Xq)* O'^iz , X , Xq) = In, (2.22) 
9a{z,x,xo)*(i)'a{z,x,xo) - 0'„{z,X,Xo)*(l>aiz,X,XQ) = . (2.23) 

Equations (|2.20p - (|2.23p are equivalent to the statement that the block operator 

e„(z,x,.o)=f'?E^'"'"°! (2.24) 
\e'^{z,x,XQ) (t>'^{z,x,xo) J 

has a left inverse given by 

i>'a{z,x,Xo)* -(j)a(z,X,Xo)*\ ,2 25) 

-6'^(z,X,Xo)* 9a{z,X,XQ)* )' 

Thus the operator 0c((z,a;,xo) is injective. It is also surjective as will be shown 
next: Let (/i,5i)^ be an arbitrary element of H © H and let y be an valued 
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solution of the initial value problem 

h='y^ , (2.26) 

\y{xi) = /i, y {xi) = gi, 

for some given xi G (a, b). One notes that due to the initial conditions specified in 
(|2.19p . 9Q(z,xo,a;o) is bijective. We now assume that (/o,5o)^ are given by 

e.,..„...) (2.27, 

The existence and uniqueness Theorem 12.31 then yields that 

e„(z,xi,xo)(^^°) = (^^;). (2.28) 

This establishes surjcctivity of 0a(z, a;i, xq) which therefore has a right inverse too, 
also given by (|2.25p . This fact then implies the following identities: 

cj)a{z,X,Xii)ea{z,X,Xo)* - 6 a{z , X , X(i)(j)a[z , X , Xq)* = 0, (2.29) 

(l)'^{z,x,xo)e'^{z,x,xo)* - B'^{z,x,xo)(j)'^{z,x,xo)* = 0, (2.30) 

cj)'^{z,X,Xo)9a{z,X,Xo)* - 9'^{z,X,X(i)(j)a{z,X,Xo)* = In, (2.31) 
6a[z,X,XQ)4>'^{z,X,Xo)* - (l)a{z,X,Xo)0'^{z,X,Xo)* = lu- (2.32) 

Having established the invertibility of 0q,(z, cci, a;o) we can now show that for 
any xi S {a,b), any "H-valued solution of ry = zy may be expressed in terms of 
9a{z, •, xi) and 4>a{z, •, xi), that is, 

y{x) = ea{z,x,xi)f + (j>a{z,x,xi)g (2.33) 

for appropriate vectors /, g £ H or B['H). 

We also recall several versions of Green's formula (also called Lagrange's iden- 
tity). 

Lemma 2.8. Let (a, &) C M 6e a finite or infinite interval and [xi,X2] C (a, &). 
(i) Assume that f,g € W^io'c iio,,b);dx;'H). Then 



dx[{{Tf)ix),gix))n-{fix),iTg)ix))n]=W,{f,g){x2)-W.{f,g){xi). (2.34) 

(a) Assume that F : (a, b) — >■ B{'H) is absolutely continuous, that F' is again 
differentiate, and that F" is weakly measurable. Also assume that \\F"\\-u G 
L\^^{{a,b)]dx) and g € W^^^{{a,b);dx;'H). Then 

' ' dx[iTF*nx)g{x)-Fix)iTg)ix)] = {Fg' -F'g){x2)~iFg' -F'g){x,). (2.35) 



(mi) Assume that F, G : (a, b) — > B{'H) are absolutely continuous operator-valued 
functions such that F' , G' are again differentiable and that F" , G" are weakly 
measurable. In addition, suppose that HC'II-?^ G L^^^{{a,b);dx). Then 

' dx [{TF*){x)*Gix) - F{x)iTG)ix)] = {FG' - F'G){x2) - {FG' - F'G){xi). 

(2.36) 
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3. Half-Line Weyl-Titchmarsh Theory for Schrodinger Operators 
WITH Operator- Valued Potentials Revisited 

In this section we recall the basics of Weyl-Titchmarsh theory for self-adjoint 
Schrodinger operators Ha in L^{{a,b); dx'j'H) associated with the operator-valued 
differential expression r = —{(P/dx^) + V{-), assuming regularity of the left end- 
point a and the limit point case at the right endpoint b (see Definition I3.4p . We 
discuss the existence of Weyl-Titchmarsh solutions, introduce the corresponding 
Weyl-Titchmarsh m-function, and determine the structure of the Green's function 
oiHa. 

All results recalled in this section were proved in detail in [56] . 
As before, Ti. denotes a separable Hilbert space and (a, b) denotes a finite or 
infinite interval. One recalls that L'^{{a, b); dx; T-L) is separable (since T-L is) and that 

{fi9)L^({a,b);dx;H)= I dx [f [x) , g{x))u, f , g e L'^ {{a, b); dx; TL) . (3.1) 



Assuming Hypothesis 12.71 throughout this section, we are interested in study- 
ing certain self-adjoint operators in L^{{a,b)]dx;'H) associated with the operator- 
valued differential expression t = —{d^/dx"^) + V{-). These will be suitable restric- 
tions of the maximal operator -ffmax in L'^{{o-, b); dx; "H) defined by 

i^max/ = r/, 

/ e dom(F„,ax) = {ge L^{{a, b);dx; n) \ g E W^^^^{{a, b);dx; V); (3.2) 

Tg e L'^{{a,b)]dx;n)]. 

We also introduce the operator i/min in L'^{{a, b); dx; H) as the restriction of iJmax 
to the domain 

dom(i7niin) = {.9 G dom(iy,„ax) I supp(u) is compact in(a, &)}. (3.3) 

Finally, the minimal operator Haun in L^{{a,b);dx;'H) associated with r is then 
defined as the closure of Hmin, 



(3.4) 

Next, we intend to show that i?max is the adjoint of ffmin (and hence that of 
-ffmin), implying, in particular, that i/max is closed. To this end, we first establish 
the following two preparatory lemmas for the case where a and b are both regular 
endpoints for r in the sense of Definition 12.61 



Lemma 3.1. In addition to Hypothesis 12.71 suppose that a and b are regular end- 
points for T. Then 



ker(iJniax - '^iL-^{(a,h)-dx;U')) 

= {{Q^{z, •, a)/ + 0o(^, •, a)g\ £ i^((a, b);dx; H) \ /, g e H} 

is a closed subspace of L^{{a,b);dx;'H). 

Of course, if H is finite-dimensional (e.g., in the scalar case, dim(?^) = 1), then 
ker(_ffi„ax — 2;/i2(((j ^ftj.^j,.^-)) is finite-dimensional and hence automatically closed. 
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Lemma 3.2. In addition to Hypothesis 12.71 suppose that a and b are regular end- 
points for T. Denote by Hq the linear operator in L^{{a,b); dx'j'H) defined by the 
restriction of -ffmax to the space 

dom(i7o) = {g e dom(if„,ax) | g{a) = g{b) = g'{a) = g'{b) = 0}. (3.6) 

Then 

ker(i/,„ax) = [ran(i/o)]^, (3.7) 
that is, the space of solutions u ofru — O coincides with the orthogonal complement 
of the collection of elements tuq satisfying uq G dom(i7o)- 

Theorem 3.3. Assume Huvothesis \2.7\ Then the operator i/min is densely defined. 
Moreover, iJmax is the adjoint of H^i^, 

Hmax = {Hmin)*- (3-8) 

In particular, iJmax is closed. In addition, Hmin is symmetric and i^max ^s the 
closure of Hmin, that is, 

^max -^min -^min- (3-9) 

Lemmas 13. 11 13.21 and Theorem 13. 3[ under additional hypotheses on V (typieally 
involving continuity assumptions) are of course well-known and go back to Rofe- 
Beketov [TUS], [TOS] (see also [Ml Sect. 3.4], [TUSl Ch. 5]). 

In the special case where a and b are regular endpoints for r, the operator Hq 
introduced in p.6p coincides with the minimal operator iJmin- 

Using the dominated convergence theorem and Green's formula (|2.34p one can 
show that limx^aWt(u,v)(x) and \imx^bW^,{u,v){x) both exist whenever u,v £ 
dom(i?max)- We will denote these limits by Wt:{u,v){a) and W*{u,v){b), respec- 
tively. Thus Green's formula also holds for xi = a and X2 ^ b ii u and v are in 
dom(iJmax), that is, 

{HmaKU,v) L2^^(a,b);dx;H) " i^, )L^{{a bydx-u) — W'*(u,w)(6) — W^,{u,v){a). 

(3.10) 

This relation and the fact that Hmin ~ -^max ^ restriction of -ffmax show that 
dom(i7min) = {u e dom(i7niax) I W^{u,v){b) = W^{u,v){a) =0 

for all V e dom(i7niax)}- 

Definition 3.4. Assume Hvpothesis 12.71 Then the endpoint a (resp., b) is said 
to be of limit-point type for r if M^*(m, w)(a) = (resp., VF*(m, w)(6) — 0) for all 

U,V e dom(i/niax)- 

Next, we introduce the subspaces 

= {u e dom(iJmax) I HmaxU = Zu} , Z G C. (3-12) 

For z G C\R, Vz represent the deficiency subspaces of Hmin- Von Neumann's 
theory of extensions of symmetric operators implies that 

dom(if,nax) - dom(if„,in) + V, + (3.13) 

where -j- indicates the direct (but not necessarily orthogonal direct) sum. 

We now set out to determine the self-adjoint restrictions of Hmax assuming that 
a is a regular endpoint for r and b is of limit-point type for r. 

Hypothesis 3.5. In addition to Hvpothesis \2.7\ suppose that a is a regular endpoint 
for T and b is of limit-point type for r. 
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(3.16) 



Theorem 3.6. Assume Hypothesis \3.5[ If H is a self-adjoint restriction o/iJmax, 
then there is a bounded and self-adjoint operator a G B{'H) such that 

dom(i/) — {u G dom(iJniax) | ii\x\{a.)u' [a) + cos(a)u(a) = 0}. (3.14) 

Conversely, for every a G B{'H), p.l4p gives rise to a self-adjoint restriction of 
i/niax in L'^{{a,b);dx;'H). 

Henceforth, under the assumptions of Theorem 13.61 denote the operator H 
ill L^{{a,b); dx'j'H) associated with the boundary condition induced by a = a* G 
B{H), that is, the restriction of i/max to the set 

dom{Ha) = {fi G doni(ifi-,iax) I sin(a)w'(a) + cos(a)w(a) = 0} (3.15) 

by Ha. For a discussion of boundary conditions at infinity, see, for instance, [85], 
[ig, and [107]. 

Our next goal is to construct the square integrable solutions F(z, •) G B{H) 
of tY = zY, z G C\M, the S('H)-valued Weyl-Titchmarsh solutions, under the 
assumptions that a is a regular endpoint for r and b is of limit-point type for r. 

Fix c G (a, b) and z G p{Ha). For any /o G H let / = foX[a,c] G ^^((a, &); dx; H) 
and u{fo,z, •) = (iJ^ - zlL2(^(^a,b);dx;H)y^ f e dom(iJQ). By the variation of con- 
stants formula, 

u{fo,z,x) = 9aiz,x,a)(^g{z) J dx' (j)a{z,x\a)* fo 

-\- (j)a{z,x,a)(^h{z) - J dx' 0a{z,x' ,a)* foj 

for suitable vectors g{z) G H, h{z) G H. Since u{fo,z,-) G dom(i/Q), one infers 
that 

9{z) = - dx' (j)a{z,x',a)*fo, z e p{Ha), (3.17) 

J a 

and that 

h{z) — cos(a)u'(/o, 2;, a) — sin(a)u(/o, z,a) -{^ I dx' 9a('^^ x', a)* fo^ z G p{Ha). 

J a 

(3.18) 

Lemma 3.7. Assume Hypothesis and suppose that a G BiH) is self-adjoint. 
In addition, choose c G (a, 6) and introduce g{-) and h{-) as in (|3.17p and (|3.18p . 
T/ien t/ie maps 

CiAc, , ^^2,o(c, ^) : C ^ , ^ e (3.19) 

1^/01-^.9(2), [fQ^h(z), 

are linear and bounded. Moreover, Ci_q(c, •) is entire and C2,a(c, •) is analytic on 
p{Ha). In addition, Ci^c^z) is boundedly invertible if z G C\R and c is chosen 
appropriately. 

Using the bounded invertibility of Ci^q.(c, z) wc now define 

1pa{z, x) = 9a{z, X, a) -\- (f)a{z, X, a)C2.a{c, z)Ci^a{c, z)~^ , Z G C\M, X G [fl, 6), 

(3.20) 

still assuming Hvpothesis 13.51 and a = a* G B{H). By Lemma l377l ?/'a(-,x) is 
analytic on z G C\R for fixed x G [a, &]. 
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Since ipaiz, ■)fo is the solution of the initial value problem 

Ty = zy, y{c) ^u{fo,z,c), y'{c) ^u'{fo,z,c), z G C\M, (3.21) 

the function ipaiz, x)Ci,a{z,c)fo equals u{fo,z,x) for x > c, and thus is square 
integrable for every choice of /o G TL. In particular, choosing c G (a, b) such that 
Ci,a{z,c)~^ G BiH), one infers that 

b 

dx\\i;a{z,x)f\\l^ < oo, /gH, zgC\M. (3.22) 

Every H-valued solution of ry ~ zy may be written as 

y = Qa{z, •, a)ja,a + (/>q(^, a)ga,a-, (3.23) 

with 

!a,a = (cosQ;)y(a) + (sina)y'(a), g^.a = -(sin Q;)?;(a) + (cosa)y'(a). (3.24) 
Hence we can define the maps 

Ci.a.. (3.25) 

a + 4>a{z, ■, a)gaM ^ fa,a, 

C2,a,z ■■ ^ ^' (3.26) 

Lemma 3.8. Assume Hvvothesis 13.51 suppose that a G S(H) is self-adjoint, and 
let z G C\M. r/ien i/ie operators Ci^a.z cind C2.a,z cife linear bijections and hence 

Cl,a,z, Ci l^ .,, C2,a,z, CjJ,^ G S(H). (3.27) 

At this point we are finally in the position to define the Weyl-Titchmarsh m- 
function for z G C\R by setting 

m„(z) = C2,a,zCll,, z G C\R. (3.28) 

Theorem 3.9. Assume Huvothesis \3.5\ and that a G B{'H) is self-adjoint. Then 

m„(z) G B{H), z G C\M, (3.29) 

and rUai-) is analytic on C\R. Moreover, 

m„(z) = m„(z)*, z G C\R. (3.30) 

Thus, the B{H)-va.hied function ipa{z, ■) in p.20[) can be rewritten in the form 

ipaiz,x) = 9a{z,x,a) -\- (l)a{z,x,a)ma{z), z G C\M, .T G [a, &). (3.31) 

In particular, this implies that ipa{z, ■) is independent of the choice of the parameter 
c G (a, b) in (|3.20p . Following the tradition in the scalar case (dim(H) = 1), we will 
call Ipaiz, ■) the Weyl-Titchmarsh solution associated with tY = zY. 

We remark that, given a function u G V^, the operator too(z) assigns the Neu- 
mann boundary data u'{a) to the Dirichlet boundary data u{a), that is, mo{z) is 
the (z-dependent) Dirichlet-to-Neumann map. 

With the aid of the Weyl-Titchmarsh solutions we can now give a detailed 
description of the resolvent Rz,a — {Ha — •z^L2((a,6);da;;-H))^^ of Ha- 
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Theorem 3.10. Assume Hypothesis 13.51 and that a G B{'H) is self-adjoint. Then 
the resolvent of Ha is an integral operator of the type 

{{Ha~ zlL2(^(^a^b):dx:n))~'^u){x) = J dx' Ga{z,x,x')u{x'), ^^^^^ 

u G i^((a, b);dx; H), z G piHa), x G [a, h), 
with the B{'H)-valued Green's function Ga{z, •, •) given by 

G.(.,x,x') = j^";^'";:)t"^';'T' zeC\R. (3.33) 

\ipa[z,x)(pa[z,x ,a) , a < X < X < b, 

One recalls from Definition lA.ll that a nonconstant function N : C+ B{TL) 
is called a (bounded) operator-valued Herglotz function, if z t-^- {u,N{z)u)u is 
analytic and has a non- negative imaginary part for all w G "H. 

Theorem 3.11. Assume Hvvothesis \'3.5\ and suppose that a G 3(1-1) and (3 G B{TL) 
are self-adjoint. Then the BCH) -valued function TOa(-) is an operator-valued Her- 
glotz function and explicitly determined by the Green's function for Ha as follows, 

z G C\R, (3.34) 

where we denoted 

d 

Ga,x{z,a,a) = s-lim —Ga{z,x,x'), 

x'^a OX 
a<x<x' 

d 

Ga,x'iz,a,a) = s-lim —Gaiz,x,x'), (3.35) 

x'^a Ox 
a<x<x' 



d d I 
Ga,x,x'{z,a,a) ^ s-lim ——Gaiz,x,x') 

a;'— >a UX OX 
a<x<x' 

(the strong limits referring to the strong operator topology in %). In addition, ma{-) 
extends analytically to the resolvent set of Ha • 

Moreover, ma{-) and m^(-) are related by the following linear fractional trans- 
formation, 

mfs ^ {C + Dma){A + Bmay^, (3.36) 

where 

'A B\ _ Z' cos(^) sin(^)\ /cos(a) -sin(a)' 
Dj y~ sin(/3) cos(/3) J \^sin(a) cos(a) 



(3.37) 



We also mention that Gq(- ^ X ^ x"^ IS Bj bounded Herglotz operator in % for each 
X G (a, b), as is clear from (j2.29p . p.3ip . p.33|) . and the Herglotz property of TOq. 

Remark 3.12. The Weyl-Titchmarsh theory established in this section is modeled 
after right half-lines (a, &) — (0,oo). Of course precisely the analogous theory ap- 
plies to left half-lines (— oo, 0). Given the two half-line results, one then establishes 
the full-line result on R in the usual fashion with x = a reference point and a 
2x2 block operator formalism as in the well-known scalar or matrix-valued cases; 
we omit further details at this point as the basic results will explicitly be derived 
in Section [5] 
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4. Spectral Theory of Schrodinger Operators with 
Operator- Valued Potentials on the Half-Line 

In this section we develop the basic spectral theory for Schrodinger operators 
in L^((a, oo); dx; H) on right a half-line (a, oo) with a bounded operator- valued 
potential coefficient in some complex, separable Hilbert space Ti, and with a regular 
left endpoint a. We focus on a diagonalization of H+,a and the corresponding 
generalized eigenfunction expansion, including a description of support properties of 
the underlying ;B('H)-valued half-line spectral measure. In particular, we illustrate 
the spectral theorem for F{H+^a), F e C(M) (cf. Theorems |4?2] and |43)) . 

In the special scalar and matrix- valued cases where dim('H) < oo, the material 
of this section is standard. In particular, wc refer to [22], [23], [SH Ch. 9], [45l 
Sect. XIII.5], mi Ch. 2], gZl Sect. III.IO], (48], [Ml Ch. 10], [68], [74], [80], [HIl Ch. 
2], inn Ch. VI], [Ml Ch. 6], HHl Chs. II, III], Ch. 8], HH Sects. 7-10], in 
the scalar case (i.e., for dim(H) = 1) and to [35], jl08[ Ch. 1, Appendix A], in the 
matrix- valued case (i.e., for dim(H) < oo). While there exist a variety of results 
in the operator-valued case (i.e., for dim(H) = oo), [59], [63l Chs. 3, 4], [66l Sect. 
10.7], HE], [89], [90], [104], [Toll Ch. 2], [112], [US], [HI], [HI], [IIS], [IIS], [T21] . 
typically, under varying regularity hypotheses on V{-), we emphasize that under 
our general Hypothesis 12. 7[ the results obtained in this section are new. 

We start with the following useful result, a version of Stone's formula in the weak 
sense (cf., e.g., [45l p. 1203]). 

Lemma 4.1. Let T be a self-adjoint operator in a complex separable Hilbert space 
K, {with inner product denoted by linear in the second factor) and denote 

by {-Et(A)}agk the family of self-adjoint right- continuous spectral projections as- 
sociated with T, that is, Et{X) ~ X(~oo,\]{T), A 6 K. Moreover, let f,g e IC, 
Ai, A2 e M, Ai < \2, and F e C(R). Then, 

{f,F{T)ET{{\i,\2])g] 



K 



1 



A2+<5 



"^2^1 - ^AnA)[(/,(T-(A + .e)i.)-,) 



K 



Xi+S 

-(/,(T-(A-z£)/K)-ig)J. (4.1) 



Proof. First, assume F > 0. Then 

{F{T)'/'ETiiXi,X2])f, (T - zI^)~'F{T)'^'ET{{Xi,X2])f)^ 
d{F{T)'/'f,ET{X)FiT)'/'f)^Xix^M]iX)iX-z)-' 

= I d{f, EriX)/)^ F(A)x(A„A.](A)(A - z)-' 

d{F{T)^'^XiXuX.mf,ET{X)F{T)^'^X(MM]{T)f)^ 
iX-z) 



z e C+, (4.2) 



is a Herglotz function and hence (|4.1[) for g = / follows from the standard Stieltjes 
inversion formula in the scalar case. If F is not nonnegative, one decomposes F 
as F = {Fi - F2) + i{F3 - F4) with > 0, 1 < j < 4 and applies (g^J) to 
each j e {1,2,3,4}. The general case g ^ f then follows from the case g = / by 
polarization. □ 
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Next, we replace the interval (a, b) in Sections [2] and [3] by the right half-line 
(a, co) and indicate this change with the additional subscript + in H+^a, 'rn+,a{-), 
dp+.ai'), etc., to distinguish these quantities from the analogous objects on the left 
half-line (— c»,a) (later indicated with the subscript — ), which arc needed in our 
subsequent Section [5] 

Our aim is to relate the family of spectral projections, {Eh^ q('^)}agRi of the 
self-adjoint operator iJ+.c and the ;B(?^)-valued spectral function p_|_^q(A), A G M, 
which generates the operator-valued measure dp+^a in the Hergiotz representation 
of m+^a- 

1 A 



m+^a{z) = C+^a + / d/0+,a(A) 



A - z 1 4- A2 



where 



c+,„ e B{n) 

and (ip+,Q is a S('H)-valued measure satisfying 

d{e,p+,o{X)e)i3{-H) 



l-hA2 



< oo, 



z G C\a{H+,^), (4.3) 
(4.4) 

(4.5) 



for all e G H (cf. Appendix for details on Nevanlinna-Herglotz functions). 
We first note that for F G C(M), 



/,5Gdom(F(i/+,„)) 

h G L^((a, oo); dx; H) 



d{f,EH^AX)g) 



L'^{{a,oo);dx;n) 



(4.6) 



d||i?i/+,„(A)/i||i.((,,^)^,,^„) \F{X)f < ooj. 



Equation (|4.6p extends to measurable functions F and holds also in the strong 
sense, but the displayed weak version will suffice for our purpose. 

In the following, C^{{c,d);H), — oo < c < d < oo, denotes the usual space of 
infinitely differentiable H-valucd functions of compact support contained in (c, d) . 

Theorem 4.2. Assume Hvvothesis 12.71 and let f,g ^ C^{{a,oo);TL), F G 
and Ai, A2 G M, Ai < A2. Then, 

(/, F{H+,^)Eh+ ^ ((^1' ^2])<7)^2((„^^).d^.„) 
where we introduced the notation 



(4.7) 



dx(t)a{\x,a)*h{x), AgM, h e {{a,oo);H), 



(4.8) 



and Mq denotes the maximally defined operator of multiplication by the function 
G G C(R) in the Hilbert spacE L'^{R;dp+^a]'H), 



{MGh){X} = G{X}h{X) for p+,a-a.e. A G K, 

h G dom(MG) = {fc G L^{R;dp+^c.;'H) \ Gk G L^(M; H)}. 



(4.9) 



^We recall that L^(R; cip+,ct; "H) is a convenient abbreviation for the Hilbert space 
I/^(R; A^p^ ^) discussed in detail in Appendix [B] with d/i^^a a control measure for the 

B(W)-valued measure dp^^a- One recalls that Mp^ „ C •5({'HA}AeE) is generated by A(>^) (or 
by A({sn}nel) for any complete orthonormal system {e„}„gxi X C N, in H). 
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Here p+,a generates the operator-valued measure in the Herglotz representation of 
the operator-valued Weyl-Titchmarsh function m+^Q,(-) G B{T-l) {of ()4.3p ). 

Proof. The point of departure for deriving (|4.7p is Stone's formula (|4.ip applied to 

(4.10) 



lim lim 



1 



A2+5 



dAF(A) [(/, - (A + *e)/)-\9)i.((,. 



((a,oo);da;;'H) 



510 eiO 27ri Jai+iS 

- (/, - (A - «£)/)"'3)i2((,,^).rf,.„)] • 

Expressing the resolvent in (|4.10p in terms of the Green's function (|3.33p then yields 
the following: 



(/,^'(i/+,„)ii;ff+.„((Ai,A2])g)^ 



, , =limlim 

{{a,oo);dx;-H) ^j_q 27ri 



dXF{\) 



dx 



/(a;), ■(/'+.q('^ + a;) / dx' (p^i^ — i£,x' , a)* g{x') 

J a 

+ (^{x),(f)a{\ + ie,x,a) J da;' '0+,a(A — ie, a;')*5(a;') 
/(a;), V'+,q(A - ie,x) / dx' + ie,x' ,a)* g{x')\ 

J a J U 

+ ^/(a;), 0q(A - ie, a;, a) ^ da;' -0+,q(A + ie, a;')*5(a;')^ 



(4.11) 



Freely interchanging the dx and dx' integrals with the limits and the dA integral 
(since all integration domains are finite and all integrands are continuous), and 
inserting expression p.3ip for ^/'+_q(z,x) into (j4.1ip . one obtains 



(/,F(if+,„)i?H+,J(Ai,A2])g)^,(, 



((a,oo);tZx;'H) 



dx /(a;)J / dx' 



X lim lim ■ 



A2+5 



dA F{\) [6'q.(A, X, a) + (/)q,(A, x, a)m_)-^Q,(A + ie)] (?!|q(A, x', a)* 



(5io ao 27ri JAi+i 

[6'a(A,x,a) + 0a(A,x,a)TO+^Q(A - ze)](/)Q(A, x', a)* ^(x') 



dx' lim lim ■ 



A2+5 



dAF(A) 



5io £4,0 27ri JAi+i 
^q(A, X, a) [6'q(A, x', a)* + m+_Q(A - ie)*^Q(A, x', a)*] 

- (/)a(A, X, a) [^a(A, x', a)* + m+,a(A + ie)*(?!)Q(A, x', a)*] ^(x') 



(4.12) 



Here we employed the fact that for fixed x G [a, cxd), 0q(z, x, a) and 4'a{z, x, a) are 
entire with respect to z, that 0c((z, ■, a), ^0(2:, •, a) G M^^'^([a, c]; H) for all c > a, 
and hence that 



9a{Xae,x,a) ~ 9a{X,x,a) ± ie{d/dz)6a{z,x,a)\z=\ + 0{e'^), 
(f>a{X ± ie, X, a) = (j)a{\,x,a) ± ie{d/dz)(f>aiz, x, a)\z=x + 0{e'^) 



(4.13) 
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with 0(£^) being uniform with respect to (A, x) as long as A and x vary in compact 
subsets of Rx [a, oo). Moreover, we used that for all f,g £ H (cf. Theorem lA.4l (t;i)). 

£\{f,m+^a{X + ie)g)-H\ <C{Xi,X2,eo,f,g) for Ae[Ai,A2], < e < eo, 

e(/,Re(m+,„(A + ze))5)« - o(l), A e M. (^'^^^ 

In particular, utilizing (j4.13p and (|4.14p . 4'a{X ± ie, x, a) and 9a(X ± ie, x, a) have 
been replaced by (j)a{X, x, a) and 0„(A,x, a) under the o?A integrals in (j4.12p . Can- 
celing appropriate terms in (j4.12p . simplifying the remaining terms, and using 
= '>T^+,a{'z)* then yield 

I noo 

dx I dx' 

J a 

X limlim- / dAi^(A) (4.15) 

54,0 64,0 TT 

X ((/)Q(A,x,a)*/(a;),Im(m+,a(A + ie))(f>a{X,x' ,a)* g{x'))^. 
Using the fact that by (|A.12p 



1 



A2+<5 



q(A)/i " /9+ c(((Ai, A2])/i = limlim — / dA Im(m_|- ^(A + ie))/i, 

(Ai,A2] ' J \^+5 

hen, (4.16) 

and hence that 

dp+ c,{X) h{X) =\im - / dX Im(m+ „(A + ie)) h{X), h e Co(R; H), 

(4.17) 

dp+ „ (A) fc(A) = limlim- / dA Im(m+ ^(A + ie)) fc(A), fcGC(M;H), 
(A1.A2] ' ^-l-o Jxi+s 

(4.18) 

(with Co(R;'H) the space of continuous compactly supported "H- valued functions 
on R) one concludes that 



{f,F{H+,^)EH^J{Xi,X2])g] 



L'^((a,oo)-dx-H) 



dx i dx' I F{X){(l)aiX,x,a)*f{x),dp+^a{X)(t)a{X,x',a)*g{x'))^ 

J a J (Ai ,A2] 

F(A) (7+,„(A),dp+.„ (A)5+.a(A))^, (4.19) 

(Ai.As] 

using (|4.8p and interchanging the dx, dx' and dp+^a integrals once more. We note 
that f+,a,g+^a G i^(K; dp+^a;'H) by Lemma ETH] and TheoremEUl □ 

Remark 4.3. Theorem 14. 2 1 is of course well-known in the scalar case (i.e., where 
dim(?^) = 1), see, for instance, the extensive list of references in |55j . In the matrix- 
valued case (i.e., if dim(?{) < 00) we refer, for instance, to Hinton and Schneider 
[55] . and in the operator- valued case (where dim(H) = 00) to Gorbachuk [5^ under 
more restrictive regularity assumptions on the potential V{-) and without providing 
details in the steps leading from (|4.12p to (|4.19p . 
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Remark 4.4. The effortless derivation of the link between the family of spectral 
projections EH_f_ „(•) and the operator-valued spectral function /9+,q(-) of i?+,Q in 
Theorem 14.21 applies equally well to half-line Dirac-type operators, Hamiltonian 
systems, half- lattice Jacobi operators, and CMV operators (cf. [55], [58] and the 
literature cited therein). In the context of operator- valued potential coefficients 
of half-line Schrodinger operators this strategy has already been used by M. L. 
Gorbachuk [59] in 1966. 



Actually, one can improve on Theorem 14.21 and remove the compact support 
restrictions on / and g in the usual way. To this end one considers the map 

U+,a : < ^ ^ (4.20) 

h+^a{-) = dx(l)a{-,x,a)*h{x). 

Taking f ~ g, F ~ 1, Xi I. — oo, and A2 t oo in (|4.7|) then shows that C/+^q is a 
densely defined isometry in L^((a, 00); c?x; "H), which extends by continuity to an 
isometry on L^{{a, 00); dx] T-L). The latter is denoted by U+^a and given by 

f L2((a, 00); dx; H) L^{M.; dp+ H) 
U+,a : < ^ J (4-21) 

[h 1-^ /i+,q(-) = l.i.m.bioo dx(j)a{-,x,a)*h{x), 

where l.i.m. refers to the L^(R; dp+^Q,; 7^)-liniit. 
The calculation in (|4.19p also yields 

(^^ff+„((Ai,A2])g)(a;) = / </)„(A, x, a) d/o+,a(A) 5+,c,(A), 5 e Co°°((a, 00); H) 

(4.22) 

and subsequently, (j4.22p extends to all g G L'^{{a,oo)\dx\Ti.) by continuity. More- 
over, taking Ai \, —00 and A2 t 00 in (|4.22p using 

s-lim Eh^^„{X) = 0, s-limi;H+,„(A) = lLma.oo);dx;H), (4-23) 

A4-— C50 Ayoo 

where 

Eh^AX)=Eh+A{-^,M), AgR, (4.24) 

then yields 

g(-) = l.i.m.^i^_oo,p2too / <l}a{X,-,a)dp+^a{X)g+^a{X), g e L'^{{a,oo);dx;'H), 

(4.25) 

where l.i.m. refers to the L^([a, 00); dx; H)-limit. 

In addition, one can show that the map U+_a in (|4.2ip is onto and hence 
that U+^a is unitary (i.e., U+,a and are isometric isomorphisms between 

L'^ {{a, 00); dx;n) and ^^(M; dp+_„; 7^)) with 

(L^{R;dp+^a;n) ^ L^iia, 00); dx-^n) ^^^^^ 
\^ t-^ l.i.m.^j4,_oo,Ai2too ^1^1 4'a{X.,-.,a)dp+^a{X)h{\). 

To show this we denote the operator defined in (|4.26p temporarily by V+^a and 
first claim that F+^q is bounded: Indeed, one computes for aU / G C^(]R;7^) and 
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<?eCo°°((a,c»);H), 

{9,V+.c.f)L^ua,ooy,dx;n)= dx(g{x), 0a(A, x, a) dp+,a(A) /(A) I 

' ' ' ^ a \ ^ E / H 



dx(l)a{\,x,a)*g{x), / dp+,a{\) ,f {X) 

' H 

= (C/+,«.9,/)^.(«^,,^,„^„). (4.27) 

Since is isometric, (|4.27p extends by continuity to all g 6 L'^{{a,oo)]dx;T-L). 

Thus, 



L2{{a,(x);dx;H) 



M 



11^+'"/ llL2((a.oo);rf2;;-H) ~ Slip 

g€L^{{a,oo);dx;-H).g^O 

^ g^^p ll^+,ag|U2(R;dp+,„;-H) II 

= 11/ IL^(K;.p,,„;«)' /eCo»(K;H), (4.28) 

and hence ||V+,a|| < 1- By g^SJ, 

V+,qC/+,q = lL2{{a,oc);dx;n)- (4.29) 

To prove that C/+^q. is onto, and hence unitary, it thus suffices to prove that V-^^a 
is injectivc. 

Let / e L^{M.;dp+^a','H), Ai,A2 G M, Ai < A2, and consider 



^2 

(l)aiX,-,a)dp+^a{X) f{X), z e C+. 

Ai 



(4.30) 



Then, 



MX,;a) (A-z)-Mp+,„(A)/(A) 

Ai 

= {H+,a - zlL^{a,oo);dx;H) r^(^J </'a (A, • , a) ( A) /(A)^ , zeC+. 

(4.31) 

Taking s-lim^ji-oo.Agtoo in (|OT|) imphes 

- z)-'f) = (i/+,„ - ^/L2((a,oo);dx;W))-V+,„/, Z £ C+ . (4.32) 

Next, suppose that /o G ker(V+.Q), and let {/n}„gj^ C L^(]R; dp+.c,; 7^) such that 
supp (/„) is compact for each n eN and lim„-foo ||/o - /n|L2(n;.dp_|_ = 0- Then, 

{V+,a{{- - zr'^fn)){x) = ((i/+,a - zl l'i (^(^a,cc);dx;n))'^V+ ^afn) (x) , 

X > a, z e C+, n eN, 



SPECTRAL THEORY AND OPERATOR.- VALUED POTENTIALS 21 

and thus for all y £ [a, oo), and arbitrary e ^ H, 

dx I {e,(f>a{X,X,a) {X - dp+^aW fnW)f^ 

dx I [(f)a{X,x,a)*e,dp+^aW {X - zy^fn{X)) 

dx (t)a{X,x,a)*e,dp+^a{X) (A - z)~V«(A) ) 

/ -H 



y 



y ^ 
dx(e,{{H+^a - zlLma,oc,y,dxM)y^V+.afn){x))^. (4.34) 



Noticing that 

dx(l)a{-,x,a)*xia.,y]{x)e = {U+^aXla,v]e){-) e L'^{M.;dp+^a;'H), (4.35) 
and taking n t cxd in (|4.34p then results in 



y 



^im y dx I (e,(j)a{X,x,a)dp+^a{X) {X - z) ^fn{X))^ 



dx j {e,(j)a{X,x,a)dp+^a{X){X- z) ^fa{X))^ 
{X-zy^ I dx [e,(t)a{X,x,a)dp+^a{X)fo{X))^ (4.36) 



^im J dx (e, {{H+^a - zlLma,oc);dx;-H))~^V+.af,i){x))^ 
dx (e, ((iJ+,a - zlLma,oo);dx;'H)y^V+,afQ){x))^ = 0, 

y G [a, oo), z £ C+, e G H. 

Applying the Stieltjes inversion formula to the (finite) complex-valued measure in 
the 3rd line of (|4.36p . given by, 

y ^ 

dx {e,4>a{X,x,a)dp+^aiX) foiX))^, (4.37) 



implies for all Ai, A2 £ M, Ai < A2, and e ^ H, 
ry 



I I dx{e,4>a{X,x,a)dp+^a{X)h{X))^=Q, ye [a, 00). (4.38) 

«/ (Ai ,A2] 'fa 

Differentiating ()4.38p repeatedly with respect to y, noting that (j)a{X,y,a) and 
(j)'^{X,y,a) are continuous in (A, y) G R x [a, 00), and using the dominated con- 
vergence theorem, one concludes that for all y e [a, 00), e G TL, 

{e,(j)a{X,y,a)dp+^a{X) fa{X))^ = 0, 
^^'•^'^ ^ (4.39) 

(e, </>L(A, y, a) dp+^a{X) /o(A)) = 0. 

(Ai,A2] 
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Using p.l9p . the fact that /o,X(Ai,A2]e G L^{R;dp+.a;'H), and the dommated con- 
vergence theorem once again then imphes 

0=/ (e, (?!)q(A, a,a)dp+,c(A)/o(A)) 

^(Ai,A2] 

(sin(a)e,dp+.c,(A)io(A))„, (4.40) 

(Ai,A2] 

(e, 0'„(A, a, a) dp+,aW foW)^ 

(Ai,A2] 

(cos(a)e,d/9+.a(A)/o(A)) (4.41) 

'(Ai,A2] 

Taking e = sin(Q;)ei in (|4.40p and e — cos(a)ei in (|4.4ip with an arbitrary ei ^ H 
and subtracting (|4.40p from (|4.4ip then gives 

0= f (ei,dp+,a(A)/o(A))„. (4.42) 

^(Ai,A2] 

Since the interval (Ai,A2] was chosen arbitrary, (14.421) imphes 

/o(A) = p+,„-a.c., (4.43) 

and hence kcr(V+.Q) — {0}. Thus U+^a is onto. 

We rccaU that the essential range of F with respect to a scalar measure /i is 
defined by 

ess.ran^(F) = {z e C | for all e > 0,/^({A G R| |F(A) -z| < e}) > 0}, (4.44) 

and that ess.raup^ ^ (F) for F G C(M) is then defined to be ess.rauj^^ ^ (F) for any 
control measure dvj^ a of the operator- valued measure dpj^^^a- Given a complete 
orthonormal system {e„}„gi in H (I C N an appropriate index set), a convenient 
control measure for dp+^a is given by 

fi+AB) = J2 P+AB)en)n. B e »(M). (4.45) 
We sum up these considerations in a variant of the spectral theorem for (functions 

of) 

Theorem 4.5. Assume Hvvothesis \2.7\ and suppose F G C(M). Then, 

[/+,„F(i/+,,)(7+^i„ = MfIh (4.46) 

in L'^{R;dp+^a;'H) {cf- dH])). Moreover, 

a{F{H+.a,)) = css.raup^^ (F), (4.47) 

(T(iJ+, a) = supp(dp+_a), (4.48) 

and the multiplicity of the spectrum of H^_a is at most equal to dim('H). 

Proof. First, we note that (j4.46p follows from Theorem 14.21 and the discussion fol- 
lowing it. The fact (|4.48p is a special case of (|4.47p and hence only the latter 
requires a proof. 

Since F{H^_a) is unitarily equivalent to the operator of multiplication by F(-) 
in L'^(R;dp+^a','H), it suffices to check that Mi^p_^^I-}i is not boundedly invertible 
whenever z G ess.ran^^ d-^)- Fix an arbitrary z G ess.raup^ o(^) s-i^*^ e > 0. Since 
F G C(M), the set {A G M | \F{X) — z\ < e} is open and hence is a countable 
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union of disjoint open intervals. By ()4.44p there is a bounded interval i? C {A G 
R I \F{X) — z\ < e} such that p+^a{B) ^ and hence there is also a nonzero vector 
hen such that {h, p+^a{B)h)-H ^ 0. Then xsh £ L^{R;dp+,a;'H) with 

IIXB/^||i2(K;dp^ = {h, p+o.{B)h)H > (4.49) 

and 

\\MF-zXBh\\L2(m-dp+^^;-H) < £\\XBh\\mR-dp+_^;-H)- (4.50) 
Since £ > is arbitrary, this implies that Mp^^In is not boundedly invertible in 
L^{R;dp+^^;n). 

Conversely, assume z 6 R\ess.ranp^ ^(F). Then by (j444| . (|445l) . there exists 
£ > such that for any interval i? C {A G R | \F{X) — z| < e} one has ijL+^a{B) = 
p+a{B) = 0. Then for any g G dom(A/i?) C L'^{M.\dp+^a]'H), 

WF-zg\\L''-{K-dp+,a.;'H) >£\\9\\L^-R-dp+,^-M), (4-51) 

that is, Mp_zl'u is boundedly invertible in this case. 

Using the identity function F{z) = z it follows from (|4.46p that the multiplicity 
of the spectrum of iZ+.a is equal to that of AFIu which is at most dim(H). □ 

5. Spectral Theory of Schrodinger Operators with 
Operator- Valued Potentials on the Real Line 

In our final section we develop basic spectral theory for full-line Schrodinger 
operators H in L^(M; dx; H), employing a 2 x 2 block operator representation of 
the associated Weyl-Titchmarsh matrix and its B(H^)-valued spectral measure, 
decomposing R into a left and right half-line with reference point xq G R, (—00, xq\J 
[a;o,oo). The latter decomposition is familiar from the scalar and matrix- valued 
(dim('H) < 00) special cases. Our principal new results. Theorems 15.21 and 15.41 
again yield a diagonalization of H and the corresponding generalized eigenfunction 
expansion, illustrating the spectral theorem for F{H) and support properties of the 
underlying spectral measure. 

In the special scalar case where dim(H) < cxd, the material of this section is 
standard and various parts of it can be found, for instance, in [23], [Ml Ch. 9], [45l 
Sect. XIII.5], [461 Ch. 2], [48], [Ml Ch. 10], [68], [H, [HQ], [HH Ch. 2], [93 Ch. 
VI], Unil Ch. 6], dHl Chs. II, III], [m sects. 7-10]. However, in the infinite- 
dimensional case, dim(?^) = 00, the principal results obtained in this section are 
new. 

We make the following basic assumption throughout this section. 
Hypothesis 5.1. [i) Assume that 

V G iioc(R; dx] n), V{x) = V{xy for a.e. a; G R (5.1) 
(m) Introducing the differential expression r given by 

d^ 

T = -— + V{x), xGR, (5.2) 

we assume t to he in the limit point case at +00 and at —00. 

Associated with the differential expression r one introduces the self-adjoint 
Schrodinger operator H in L^(R; dx; H) by 

Hf = Tf, (5.3) 

/ G doni(i7) = {g G L'^{R; dx; H) \ g, g' G W^^^iW; dx; H); rg G L^(R; dx; %)]. 
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As in the half-line context we introduce the S(H)-valued fundamental system of 
solutions 4>a{z, •, Xo) and 6a{z, •, xo), 2: G C, of 

{Tip){z,x) = zil){z,x), a; e R (5.4) 

with respect to a fixed reference point xq e M, satisfying the initial conditions at 
the point x ~ xq, 

cj)a{z,xii,X(i) = ~6'^{z,xo,xa) = -sin(Q;), 

(j)'^{z,XQ,XQ) = 9a{z,XQ,XQ) = cos(q;), a = a* G S('H). 

Again we note that by Corollary 2.b{iii), for any fixed x^xq £ M, the functions 
9a{z,x,XQ) and </)q,(2:, x, xq) as well as their strong x-derivatives are entire with 
respect to z in the ;B(H)-norm. The same is true for the hmctions z t-s- 9a{z, x, xq)* 
and z I— (j)a{'z,x,xo)* . Moreover, by (|2.23p . 

M^(0„(z,.,xo)*,<^„(z,-,Xo))(x) zee. (5.6) 



Particularly important solutions of ()5.4p are the Weyl-Titchmarsh solutions 
4'±,aiz, ■, Xq), z S C\R, uniquely characterized by 

i'±.a{z,-,xo)f e L'^{[xo,±oo);dx;n), / G "H, 

(57) 

sin(a)?/'^^„(z,xo,xo) + cos(Q;)V'±,a(2, xq, xq) = /«, z £ C\M. 

The crucial condition in (|5.7p is again the L^-property which uniquely determines 
il'±,a{z,-,xo) up to constant multiples by the limit point hypothesis of r at ±00. 
In particular, for a = a*, /3 = /3* G 6(7/), 

^±,0(2;, ■,xo) = ip±,i3{z, ■,xo)C±{z,a,p,xo) (5.8) 

for some coefficients C±{z, a, [3, xq) G B{'H). The normalization in (|5.7p shows that 
V'±,a(-z, Xo) are of the type 

ll^±,a{z,X,Xo) = 9a{z,X,XQ) + (j)a{z,X,XQ)m±^a{z,Xo), Z G C\M, X G K, (5.9) 

for some coefficients m±^Q,(z,xo) G B(H), the Weyl-Titchmarsh m-functions asso- 
ciated with r, a, and xq (cf. Theorem 13. 9p . 

Next, we show that ±m-|-^Q,(-, xg) are operator-valued Herglotz functions. It fol- 
lows from (|5.4p and (|5.5p that the Wronskian of ^±,a(zr, x, xq)* and ?/'±,a(z2, x, xq) 
satisfies 

W^(V'±,a(zr,xo,xo)*,-0±,Q(-22,xo,xo)) = m±,Q(z2,xo) - m±^Q(zr,xo)*, (5.10) 

^W^(V'±,a(zr,X,Xo)*,-0±,a(z2,X,Xo)) = (zi - Z2)V'±,a (^1, X, Xo)*'(/'±,a (-22 , X, Xq) , 

zi,Z2GC\E. (5.11) 

Hence, using the limit point hypothesis of r at ±00 and the L^-property in (|5.7p 
one obtains 

(Z2-Z1) / dx (?/'±,a(zr, X,Xo)/,'0±,q(z2,X,Xo)5)^ 

= (/, ["^±,a(z2,Xo) - TO±,a(zr, Xo)*]^).^, /, G "H, Zi , Z2 G C\M. (5.12) 

Setting zi = Z2 = z in (|5.12p . one concludes 

w±,q(z,xo) = m±,Q(z,xo)*, z G C\R. (5.13) 
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Choosing f = g and Z2 ~ z , zi ~ z in (|5.12p . one also infers 

"iboo 



Im(z) / dx\\'ilj±^a{z,x,xo)f\\li = {fJin[m±^a{z,Xo)]f)^, fen,zeC\I 



(5.14) 

Since m±^a{', xq) are analytic on C\M, (|5.14p yields that ±m±^ai', xq) are operator- 
valued Herglotz functions. 

In the following we abbreviate the Wronskian of ip^^^i'^, x, Xq)* and ip-,a{z, x, Xq) 
by W{z). It follows from the identities ^^-1^^ and ([51^)) that 

W{z) = W{i'+^a{z,X,Xo)* ,'ip-,a{z,X,Xo)) 

= m_^Q(z, zo) — m+,Q,(z, Xq), z 6 C\R. (5.15) 
The Green's function G{z,x,x') of the Schrodinger operator H then reads 

G{z,x,x') = llJ:fz^aiz,X,Xo)W{z)~^llj±^a{z,x\xo)* , X ^ x' , z & C\R. (5.16) 
Thus, 

{{H - zIuY^Dix) = / dx G{z, X, x)f{x), z e C\R, x G K, / e L^(K; dx; %). 



(5.17) 

Next, we introduce the 2x2 block operator- valued Weyl-Titchmarsh m-function, 
M,(z,a;o) eZ?(H2), 

A/„(z,.To) = (Majj'(z,a;o))^.^.,^o^^, z G C\R, (5.18) 

M„,o,o(^,a:o) = W^(2)-\ (5.19) 

M„,o,i(^> xo) = 2-il^(z)-i [m_.„(z, xo) + m+.„(z, xq)] , (5.20) 

^0,1,0(2:, a;o) = [m_^Q(z, xq) + to+,q(z, xq)] W^(z)"\ (5.21) 

Mq,14(z,xo) = m+,a(z,xo)M^(z)'^m_,Q(z,xo) 

m^^a{z, xo)VK(z)"^m+,a(z, xo). (5.22) 

Mq,(z,xo) is a i3('H^)-valued Herglotz function with representation 

1 A " 



Ma(z,Xo) = Cq(xo) + / dftai^Xo) 



X-z 1 A2 
e, drtaiX, xo)e 



z e 



(5.23) 



Ca(xo) = Cq(xo)*, / 1 + X'^ ^ ^ ^• 



In addition, the Stieltjes inversion formula for the nonnegative ;B(?^^) -valued mea- 
sure dilai'^xo) reads 

^^q((Ai, A2], Xo) = — limlim / dA Im(i\/Q(A + ie, xq)), Ai, A2 G M, Ai < A2. 

(5.24) 

In particular, di^a{', xq) is a 2 x 2 block operator-valued measure with S('H)-valued 
entries dil.a^e^e'{-,xo), = 0,1. Since the diagonal entries of Ma are Herglotz 
functions, the diagonal entries of the measure dfla{-,xo) are nonnegative B{H)- 
valued measures. The off-diagonal entries of the measure dfla(-, xo) naturally admit 
decompositions into a linear combination of four nonnegative measures. 

We note that in formulas (|5.7p - (|5.23p one can replace z S C\R by z e C\a{H). 
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Next, we relate the family of spectral projections, (A)}AeK, of the self-adjoint 
operator H and the 2x2 operator-valued increasing spectral function na{X,xo), 
A G M, which generates the B(H^)-valvicd measure dna{-,xo) in the Herglotz rep- 
resentation (|5.23p of Ma{z,XQ). 

We first note that for F G C(M), 

(/'^(^)5)i.(M;,.;«) = / rf(/'^«(^).9)i.(M;<i.;«)^W' (5-25) 



f,ge dom(F(i/)) ^ {he L''{R;dx;n) 



d\\EH{mhiR;d.;n)\FW\' < 



oo 



Theorem 5.2. Let a e [0,7r), f,g£ C^(R;n), F e C{R), xq G R, andAi, A2 G R, 
Ai < A2. Then, 

(/,F(i?)i?H((Ai,A2])5)^.(^^,,^„) 

= (/«(■, a;o),MFM^(,^_,^jg„(-,a;o))^,(jj.^^^(.^^^).„,) (5.26) 

where we introduced the notation 

ha,o{>^,xo)= / dx6a{\,x,XQ)*h{x), /ia,i(A,xo)= / cfx(/)a(A,a;,a;o)*/i(a;), 
/J«(A,a;o)= (/Ja,o(A,a;o),Vi(A,xo))^, A G K, G Co°°(M; H), (5.27) 

and A/g denotes the maximally defined operator of multiplication by the function 
G G C(K) in the Hilbert spacfl L2(M; df}„(-, xo); H^), 

(Mg/J)(A) = G(A)/J(A) = (G(A)/Jo(A),G(A)/Ji(A))^ for f7„(-, xo)-a.e. A G M, 
h G dom(MG) = {fc G i2(M; dJ7„(-, xq); H^) | GA? g L'^{M.; dn^ {■,xq);U^) ] . 

(5.28) 

Proof. The point of departure for deriving (|5.26p is again Stone's formula (|4.ip 
applied to T = iJ, 



'L2(R;tia;;«) 



(/,F(ff)i?H((Ai,A2]).g) 

-(/,(i/-(A-*£)/«)-\g)^ ]. (5.29) 



^Again, we recall that (R; dQa (■ , i^o) ; W^) is a convenient abbreviation for the Hilbert space 
L^(R; d/iQ (■, i^o); A^fia (-.aiQ)) discussed in detail in Appendix [B1 with dfia{-,xo) a control measure 
for the 5(^2) -valued measure dna(-, xo). One recalls that Mn^i^.^xo) C <S({/Ca}a6k) is generated 
by A_(y?) (or by A({/„}„gx) for any complete orthonormal system {/n}ngi, I C N. 
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Insertion of ()5.16|) and (|5.17|) into (|5.29p then yields the fohowing: 

{f,FiH)E,iiMM)9),.,,,,^,^, = Hmhn.- j^^^^ dXF^ j^d. (5.30) 

+ (^/(x), ^/'-,q(A + i£,a;,a;o)M^(A + ie)'^ j dx' i/'+,a(A - ie, x\xq)* g{x')^ ^ 

- (^f{x),ip+^a{>^ - ie,x,Xo)W{X ~ iey^ J dx' i!_^a{X + ie,x' ,Xq)* g{x')^ ^ 

- {^f{x),il^^^a{\~ i£,x,XQ)W{X- iey^ / dx' i/'+,q(A + «£, a;', xo)*5(x')) 



Freely interchanging the dx and dx' integrals with the limits and the dA integral 
(since all integration domains are finite and all integrands are continuous), and 
inserting the expressions ()5.9p for i/;±.Q,(z, x, xq) into ()5.30p . one obtains 

(/,F(i7)ii;H((Ai, A2])ff)^,(«^,^^„) = ^dx(^/(x), jy^^dx' 

X limlim / dXF{\) [^^(A, x, xq) + 0q(A, x, xo)m 1 (^(A + le, Xq)] 

54,0 £4,0 2111 Jxi+s ' 

X W{X + iey^ [OaiX, x', xo)* + m_^a(A + ie, xo)(t)a{X, x' , xo)*]5(x') 
- [6'q(A,x,xo) + (/)q(A, X, xo)m+,Q(A - ie, xq)] 

X W{X - iey^ [da{X, x', Xo)* + m_^„(A - ie, xo)(f)a{X, x', Xo)*]5(x') 

dx' limlim / dAi^(A) (5.31) 

Sio eio 27ri 

(A, X, xo)m_,Q,(A + ie, xq)] 
X iy(A + iey^ [OaiX, x', Xo)* + m+,„(A + ie, xo)(^a(A, x', xo)*]5(x') 
[6'q(A,x,xo) + 0a(A,x, xo)m_^Q(A - ie,xo)] 

X W{X - ie)"^[6'„(A,x',xo)* + m+^a{X - ie, xo)0q(A, x', xq)*] g(x') 



■H 



Here we employed (j5.13p . the fact that for fixed x G M, Oa{z, x, xo) and (f>a{z, x, xo) 
are entire with respect to z, that 6'q(z, •, xo), 0q(2:, •, xo) S ^loc 1^'^'^)^ hence 
that 



0q(A ± ie, X, Xo) = 0q(A, X, Xo) ± ie(d/dz)0Q(z, X, xo)|2=A + O(e^), 

e4-0 

(^Q.(A ± ie, X, Xo) = 0q(A, X, Xq) ± ie(d/dz)(/)Q.(2, X, xo)|2=A + O(e^) 



(5.32) 



with O(e^) being uniform with respect to (A, x) as long as A and x vary in compact 
subsets of R. Moreover, we used that 

e\\Ma{X + ie,xo)||BCH2) < C(Ai, A2, eo, xo), A e [Ai, A2], < e < eo, 
el|Re(M„(A + ze,xo))||B(„2) =^o(l), A e M, (5.33) 
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In particular, utilizing ()5.13p . (|5.32|) . ()5.33|) . and the elementary facts 

Im [m±^a{X + is, xq)W{\ + ^e)^^^^ 

~ i Im [[m_^c((A + ie, xq) + to_|_^q(A + ie, a;o)]W^(A + ie)~^\ , 
Im [W(A + ie)-^m±,a{\ + ie, xq)] (5.34) 

= i Im \W{X + ze)~"^[TO__Q,(A + ie, xq) + m+^Q(A + ie, xq)]\ , A G M, e > 0, 



4>a{X ± ie, X, Xq) and 9a{\ ± ie, x, xq) under the o?A integrals in (j5.3ip have immedi- 
ately been replaced by 4>a{\,x,XQ) and 9a{\,x,XQ). Collecting appropriate terms 
in ()5.3ip then yields 

(/,F(i7)^;,((A„A.]),),.^,^,^^„^ //-'nmhrni £^^Af(A) 

X |6l„(A, X, xo) Im [W^(A + ie)~^] O^iX, x' , xq)* (5.35) 
+ 2-i6'„(A,x,xo) 

X Im \W{\ + ieY^\m^^a{X + ie,xn) + to+^q(A + ie, xq)]] (?!)q,(A, x', xq)* 
-|-2"Va(A, X, Xo) 

X Im [[to_^q(A + ie, xq) + m+,a(A + ie, xo)]W^(A + ie)~^]9a{X, x' , xq)* 
+ (/)q(A,x,xo) 



X Im [m_^ct(A + ie, xo)VF(A + ie) ^m+^aiX + ie, xo)] (f>aiX, x' , xo)*|.9(.x') 
Since by (OH) {£,£' = 0,1) 

dflaJJ'iX,Xo) = f^Q//'((Al, A2], Xo) 



1 ..... (5-36) 
limlim— / dA Im(MQ ^ £'(A + ie, xq)), 



one also has 



df]„,f,r(A,xo)/i(A) =lim- / dA Im(M„,£,£/(A + ie,xo)) /i(A), heCo{R;H), 



(5.37) 



dfio, ^ (A, Xo) fc(A) = limlim — / dA Im(MQ, ^ ^'(A + ie, xo)) fc(A), 

fc G C(M;7^), (5.38) 
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Then using ()5.18|) - (|5.22p . ()5.27p . and interchanging the dx, dx' and dila,e,e'{-,xo), 
= 0,1, integrals once more, one concludes from ()5.35|) 

{f,F{H)EH{{Xi,X2])g)^,,^.,^..^. = [ dx (fix), [ dx' [ F{X) 

^ ' ' ' Jr \ Jr ^(Ai.Aa] 

X ^6a{X, X, Xo) dfiQ,o,o(A, Xo) 6'q(A, x' , xq)* 

+ 9a{\, X, Xo) dVtafi,l[X, Xo) cj)a{X, x', Xo)* 
+ (?!)q(A, X, Xo) dVta.lfi{X, Xo) Oa{X, x', Xo)* 



0q(A,x,xo) dVla.i^i{X,xo) (/)q(A,x',xo)*|5(x') 



F{X) {faiX,xo),dna{X,xo)ga{X,xo))^. (5.39) 

(Ai,A2] 

□ 



Remark 5.3. Again we emphasize that the idea of a straightforward derivation 
of the link between the family of spectral projections Eh{-) and the 2x2 block 
operator- valued spectral function ^a{') of H in Theorem 15.21 can already be found 
in [68] as pointed out in Remark l4.4l It applies equally well to Dirac-type operators 
and Hamiltonian systems on M (see the extensive literature cited, e.g., in |33j ) and 
to Jacobi and CMV operators on Z (cf. [24] and |58j). 



As in the half-line case, one can improve on Theorem l5.2l and remove the compact 
support restrictions on / and g in the usual way. To this end one considers the 
map 

\C^m^L\R;dn^{;Xo)-,H^) 

Ua{xo) ■■ < ^ ^ ^ T (5.40) 

\h ^ ha{-,Xo) = (^a,o(A,Xo), has{X,Xo)) , 

hafl{X,xo)= / dx 6'q,(A, X, xo)*/i(x), /iq,. i(A, xq) = / dx (j)a{X, x, xq)* h{x). 



Taking f = F = 1, Xi I — oo, and A2 t c» in (|5.26p then shows that Ua{xo) 
is a densely defined isometry in L^(M;dx;'H), which extends by continuity to an 
isometry on L^(R; dx; H). The latter is denoted by Ua{xo) and given by 

t^a(xo): ' ^ ' ^ ' \^ (5.41) 

[h ha{-,xo) = (/iq,o(-,xo),/iq,i(-,xo)) , 

r / X /^a,o(-,Xo)\ ,. I dx0ai-,X,Xo)*h{x)\ 

\haA-,xo)J dx(l)a{-,x,Xo)*h{x)J 
where l.i.m. refers to the L'^ {M.;dn a {■,xo);H'^) -limit. 
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The calculation in ()5.39p also yields 

(-Bh((Ai, A2])g)(x) = / {6a{X,X,Xo),(l)a{X,X,Xo))dna{X,Xo)ga{X,Xo) 
[0ai\ X, Xq) dila.OfliX, Xq) 5a,o(A, Xq) 

(Ai,A2] 

+ 9a{X, X, Xo) dflafi,l{X, XQ)ga,l{X, Xo) + 4>a{X, X, Xq) dCla,l,o{X, Xq) gaM{X, Xq) 

+ 0,(A,x,Xo)dr!a,i,i(A,a;o)?„,i(A,a;o)], g&Cg°iR) (5.42) 

and subsequently, ()5.42p extends to all g £ L'^{R;dx;'H) by continuity. Moreover, 
taking Ai -I —oo and A2 t oo in (|5.42p and using 

s-lim EniX) = 0, s-\imEHiX) iL^R-dx-m, (5.43) 

AJ,— 00 Atoo 

where 

EHiX)=EH{{-^,X]), AgM, (5.44) 

then yield 



g{-) = l.i.m.^^4,_oo,M2too / (6'q(A, •, xq), (^q(A, •, xq)) df^Q(A, xq) ^^(A, xq) 

(A'1,A'2] 

= l-i-m.^i4,-oo,Ai2too / [Oa{X,-,xo)dQ,aflfiiX,xa)gafl{X,xo) 
J 111 

+ da{X, •, Xo) dl^a,o,l(A, Xq) ga.l{X, Xq) + (/)q(A, •, Xq) d^aSfliX, Xq) 5q,o(A, Xq) 

+ ^a(A,-,.xo)dl7a,i4(A,a;o)?a4(^>2;o)], g &L^{R]dx-U), (5.45) 

where l.i.m. refers to the L^(R; (i.x; H)-limit. In addition, one can show that the 
map Ua{xo) in (|5.41[) is onto and hence that Ua{xo) is unitary with 

\L\R-d^l^{;x„)--H^)^L\R-dx;'H) 
Ua{xa) -{^ (5.46) 
[h^ ha, 

(A, •, Xo), (/)q(A, •, Xo)) dila{X, Xo) /i(A). 

J fj.1 

Indeed, denoting the operator defined in (|5.46p temporarily by Va{xo), one can 
closely follow the arguments in the corresponding half-line case in (|4.27p ~ (|4.38p . 
After first proving that ^^(xo) is bounded, one then assumes that / = (/o, /i)^ £ 
ker(Va(xo)) C L'^(R;di}a{-,xo);H'^). As in the half-line case, one can show using 
the dominated convergence theorem that this implies that for all x G R and e G H, 



(e, (6'q(A, X, xo),(/)Q(A,x,xo))dfJQ(A, Xo) /(A))^ = 0, 

^ (5.47) 
(e, {0'a{X, X, xo),(j)'aiX, X, Xo)) dn^iX, xq) /(A)) = 0. 

(Ai,A2] 



Using the fact that /, X(Ai,A2](eo, ei)^ 6 L'^{R;dria{X,Xo);'H'^) for all Ai < A2, 
eo,ei G H, that 6'q,(A, x, xo), 6'^(A, x, xo), (/>q(A, x, xq), (/)^(A, x, xo) are continuous 
with respect to (A,x) G M^, and the dominated convergence theorem once again, 
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one finally concludes that for all e G "H 

/ 



e, {Oa{\, Xo,Xo), 0a(A, Xo,Xo)) dfla{X, Xq) fW)^ 



((cos(a)e, -sin(Q;)e)^, dQai\ xq) f{X)) =0, (5-48) 

(Ai.As] 

e, {O'aiX, xo,xo), (j>'^{X, xo,xo)) dna{\, Xo) .f{X))^ 

(Ai.As] 

((sin(a)e, cos(a)e)^, dn^{\, xq) /(A))^, = 0. (5.49) 

(Ai.Aa] 

The sum of (|5.48p with e = cos(Q!)ei — sin(Q!)e2 and (|5.49p with e = sin(Q;)ei + 
cos(a)e2 then yields, 

((ei,e2)^, dr!„(A,xo)/(A))^, =0, (61,62)^ (5.50) 

'(Ai,A2] 

Since the interval (Ai,A2] was chosen arbitrary, (|5.50p implies 

/(A) -0 r!„(-,a;o)-a.e., (5.51) 

and hence that Va{xQ) is injective and thus Ua{xQ) is onto. 

We sum up these considerations in a variant of the spectral theorem for (functions 
of) H. 

Theorem 5.4. Let F e C(M) and G M. Then, 

UMFiH)U,,{xo)-' = Mf (5.52) 

m L'^{R;dnai-,xo);n'^) {cf. Moreover, 

(j{F{H)) = ess.rann„ (F), (5.53) 
a(i/) =supp(dr!„(-,a:o)), (5.54) 

and the multiplicity of the spectrum of H is at most equal to dim {H^) = 2dim(H). 

Proof. The proof of the theorem is analogous to the one given for Theorem l4.5l □ 

Appendix A. Basic Facts on Operator- Valued Herglotz Functions 

In this appendix we review some basic facts on (bounded) operator-valued Her- 
glotz functions (also called Nevanlinna, Pick, i?-functions. etc.), applicable to TOq, 
and Ga(-, x, x), x G (a, b), discussed in the bulk of this paper. For additional details 
concerning the material in this appendix we refer to [56) . 

In the remainder of this appendix, let "H be a separable, complex Hilbert space 
with inner product denoted by (•, •)-h. 

Definition A.l. The map M : — B{'H) is called a bounded operator- valued 
Herglotz function in % (in short, a bounded Herglotz operator in %) if A/ is analytic 
on C+ and Im(Af(z)) > for all z G C+. 

Here we follow the standard notation 

Im(M) = (M-M*)/(2i), Re(A/) (Af + Ar)/2, M e B{n). (A.l) 

Note that M is a bounded Herglotz operator if and only if the scalar-valued 
functions {u,Mu)u arc Herglotz for all u GH. 



32 



F. GESZTESY, R. WEIKARD, AND M. ZINCHENKO 



As in the scalar case one usually extends M to C_ by reflection, that is, by 
defining 

M(z) = M(z)*, z6C_. (A.2) 

Hence M is analytic on C\R, but and , in general, are not analytic 

continuations of each other. 

Of course, one can also consider unbounded operator-valued Hcrglotz functions, 
but they will not be used in this paper. 

In contrast to the scalar case, one cannot generally expect strict inequality in 
Im(M(-)) > 0. However, the kernel of Im(M(-)) has simple properties: 

Lemma A.2. LetM(-) be a bounded operator-valued Herglotz function in H . Then 
the kernel T-Lq = ker(Im(M(z))) is independent of z E C+. Consequently, upon 
decomposing % = "Ho ® T^i, T~Li = T~l-o , Im(Af (•)) takes on the form 

lMM{z)) = (^[j ^^^^^^ , z G C+, (A.3) 

where Ni(-) G B{'Hi) satisfies 

Ni{z) > 0, z G C+. (A.4) 

For a proof of Lemma [A. 21 see, for instance, [41] Proposition 1.2 (ii)] (alterna- 
tively, the proof of [541 Lemma 5.3] in the matrix- valued context extends to the 
present infinite-dimensional situation). 

Next we recall the definition of a bounded operator-valued measure (see, also 
m p. 319], [111, [103]): 

Definition A.3. Let "H be a separable, complex Hilbert space. A map S : Q3(R) — 
B{T-L), with Q3(IR) the Borcl cr-algebra on R, is called a bounded, nonncgative, 
operator-valued measure if the following conditions (i) and {ii) hold: 
ii) S(0) = and < T.(B) G BiU) for all B G *B(]R). 

{ii) E(-) is strongly countably additive (i.e., with respect to the strong operator 
topology in H), that is, 

N 

E(S) = s-lim5]l](i?,) (A.5) 

i=i 

whenever B = |J Bj, with Bk H Be ^ (d for k ^ £, G *B(M), k,i<EN. 

J en 

!](•) is called an (operator-valued) spectral measure (or an orthogonal operator- 
valued measure) if additionally the following condition (Hi) holds: 
(Hi) Y,{-) is projection-valued (i.e., I](B)2 = T,{B), B G «B(R)) and E(M) = /«. 
(iv) Let f G H and B G *8(M). Then the vector- valued measure E(-)/ has finite 
variation on B, denoted by \^(I]/; B), if 

1/(1]/; B) = sup I ^ ||I](i?,)/||«| < oo, (A.6) 
i=i J 

where the supremum is taken over all finite sequences {Bj}i<j<N of pairwise dis- 
joint subsets on R with Bj Q B, 1 < j < N. In particular, E(-)/ has finite total 
variation if y(S/;R) < oo. 
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We recall that due to monotonicity considerations, taking the limit in the strong 
operator topology in (|A.5|) is equivalent to taking the limit with respect to the weak 
operator topology in %. 

We also note that integrals of the type (|A.7p - (jA.10p below arc now taken with 
respect to an operator-valued measure, as opposed to the Bochncr integrals we used 
in the bulk of this paper. Sections [JHSl 

For relevant material in connection with the following result we refer the reader, 
for instance, to [T], 0, [TO], ED], [Ml Sect. VL5,], HOI Sect. 1.4], [SJ, [32, [33, 
[3ni-[ll], [13 Sects. XIII.5-XIII.7], [SS], [75], [77], [53, [H3], [HD, [HZl Ch. VI], [SS], 
[99], [TOO], [113, [120], [m Sects. 8-10]. 

Theorem A.4. ([TO], [30l Sect. 1.4], [TTT] .) Let M be a bounded operator-valued 
Herglotz function in T-L. Then the following assertions hold: 
{i) For each f € H, {f,M{-)f)-H is a (scalar) Herglotz function. 

(ii) Suppose that {ej-j^gN is a complete orthonormal system in Ti and that for some 
subset of M having positive Lebesgue measure, and for all j G N, (cj, M {■)ej)u has 
zero normal limits. Then M = 0. 

(iii) There exists a bounded, nonnegative ;B(H)-valued measure on M such that 
the Nevanlinna representation 



M{z) = C + Dz+ f ^ 
Jr 1 



= C + Dz 



dn{x) i + Xz 



\-z 

1 



A 



s-lim 



r!((-^,A]) 

f2(K) = lm{M{i)) = 
C = Re(M(i)), D 



dflit) 

dn{\) 
TTa2 
1 



1 

A e 



z e 



s-lim 

rjfoo IT] 



M{iT]) > 0, 



(A.7) 
(A.8) 
(A.9) 
(A.IO) 
(A.ll) 



holds in the strong sense in H. Here ^{B) = Jg (l + A^) di}{X), B e 
(iv) Let Ai, A2 e M, Ai < A2. Then the Stieltjes inversion formula for il reads 



^^((Ai, A2])/ = TT s-Ums-hm 



dX Im(Af (A + ie))f, f eU. (A.12) 



{v) Any isolated poles of M are simple and located on the real axis, the residues at 
poles being nonpositive bounded operators in B{H). 

(vi) For aU A e M, 

s-lim eRe(il/(A + ie)) = 0, (A.13) 
n{{X}) = s-lim £lm(i\/(A + ie)) = s-lim eM{X + ie). (A.14) 

(vii) If in addition M{z) € Soo('H), z e C+, then the measure fl in (jA.7|) is count- 
ably additive with respect to the S(?^)-norm, and the Nevanlinna representation 
CO)) . CO]) and the Stieltjes inversion formula C02]) as well as (jOH, (KTL^ 
hold with the limits taken with respect to the |] • ]]g(^)-norm. 

(viii) Let f ^ H and assume in addition that n(-)/ is of finite total variation. Then 



34 



F. GESZTESY, R. WEIKARD, AND M. ZINCHENKO 



for a.e. A £ M, the normal limits A/ (A + iO)f exist in the strong sense and 

s-limA/(A + ie)f = A/(A + iQ)f = H(n(-)f){X) + inn^X)/, (A.15) 

where H{il{-)f) denotes the 'H-valued Hilbert transform 

H{n{-)f )i\) = p.v. r dm/ -1- = s-lim / dmfj^- (A.16) 

J-oo '-A diO J\t_x\>5 *-A 

As usual, the normal limits in Theorem IA.4I can be replaced by nontangential 
ones. 

The nature of the boundary values of M{- + iO) when for some p > 0, M{z) G 
Bp{n), z G C+, was clarified in detail in [27], [94], [95], [96]. 

Using an approach based on operator- valued Stieltjes integrals, a special case of 
Theorem IA.4I was proved by Brodskii [3D1 Sect. 1.4]. In particular, he proved the 
analog of the Herglotz representation for operator-valued Caratheodory functions. 
More precisely, if F is analytic on ED (the open unit disk in C) with nonnegative 
real part Ke{F{w)) > 0, w G If, then F is of the form 

Fiw) = t Im(F(0)) + (L dT{C) weD, 

Ida C-w (A.17) 

Re(F(0)) = T(9B), 

with T a bounded, nonnegative ;B(H)-valued measure on dH. The result (|A.17|) 
can also be derived by an application of Naimark's dilation theory (cf. [TU] and [JHl 
p. 68]), and it can also be used to derive the Nevanlinna representation (|A.7|) . (|A.8|) 
(cf. [To], and in a special case also [30l Sect. 1.4]). Finally, we also mention that 
Shmuly'an |117] discusses the Nevanlinna representation (|A.7p . (jA.Sp : moreover, 
certain special classes of Nevanlinna functions, isolated by Kac and Krein [TD] in 
the scalar context, are studied by Brodskii [SUl Sect. 1.4] and Shmuly'an [117j . 

For a variety of applications of operator-valued Herglotz functions, see, for in- 
stance, [1], m, [H], [11], [32], [39]-[4l], [53], [83]-[86], [117], and the literature cited 
therein. 



Appendix B. Direct Integrals and the Construction of the Model 

Hilbert Space L'^ {R; dT.; IC) 

In this appendix we recall the construction of a model Hilbert space L^(R; dS; /C) 
(and related Banach spaces ^^(R; wdT,] /C), p > 1, w an appropriate scalar nonneg- 
ative weight function) as discussed in detail in [S3] and slightly extended in |57) . 
Variants of this construction are of importance in the bulk of this paper. 

For proofs of the results in this appendix we refer to [53] and [57]; as general 
background literature for the topic to follow, we refer to the theory of direct integrals 
of Hilbert spaces as presented, for instance, in [l9l Ch. 4], [28] Ch. 7], [111 Ch. II], 
[T221 Ch. XII]. 

Throughout this section we make the following assumptions: 

Hypothesis B.l. Let fi denote a a-finite Borel measure on M, *B(R) the Borel 
a -algebra on R, and suppose that IC and K,\, A G M, denote separable, complex 
Hilbert spaces such that the dimension function R 9 A i— >■ dim(/CA) G N U {oo} is 
fi-measurable. 
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Assuming Hypothesis IB.li let 5({/CA}AeK) be the vector space associated with 
the Cartesian product Hagr equipped with the obvious linear structure. Ele- 
ments of iS({/CA}AeK) are maps 

/ e 5({/Ca}agm), M 3 a /(A) e /Ca, (B.l) 
in particular, we identify / — {/(A)}AeR. 



Definition B.2. Assume Hvpothesis IB. II A measurable family of Hilbert spaces 
M modeled on fi and {/CaIask is a linear subspace A4 C 5({/CA}AeR) such that 
/ e if and only if the map M 9 A H> {fiX), g{y))iCx G C is ^-measurable for all 
g G M. Moreover, M is said to be generated by some subset J-, J- d if for every 
g & M we can find a sequence of functions /i„ G lin.spanjxs/ G S{{IC\}) \B G 
«B(M),/ G J"} with lim \\g{X) - hn{X)\\^^ = M-a.e. 

We note that we shall identify functions in Ai which coincide yu-a.e.; thus Ai 
is more precisely a set of equivalence classes of functions. The definition of Ai 
was chosen with its maximality in mind and we refer to Lemma IB. 41 and for more 
details in this respect. An explicit construction of an example of A4 will be given 
in Theorem E8] 

Remark B.3. The following properties are proved in a standard manner: 
(i) If / G g G 5({/CA}AeK) and g = f /i-a.e. then g G A4. 

{ii) If {/„}„GN G A^, g G 5({/Ca}agr) and /„(A) g{X) as n -> c» ^-a.e. (i.e., 
lim„^oo ||/«(A) - g{X)\\Kx = M-a-e.) then g G M. 

{Hi) If (/) is a scalar- valued ^-measurable function and / G then (pf G Ai. 
{iv) U f € M then M 9 A i-^ II/(A)||ka ^ [0, oo) is /i-measurable. 

Lemma B.4 ([S^). Assume Huvothesis lB .1\ Suppose that {fn}neN C iS({/CA}AeM) 
is such that 

(a) R 9 A i-> (/m(A), fn{X))iCx G C zs ^-measurable for all m,n G N. 
(/3) For yu-a.e. A G M, hn.span{/„(A)}„gN = 

In particular, any orthonormal basis {e„(A)}ngN in /Ca will satisfy {a) and {(3). 
Setting 

M = {g e S{{IC\}xeR) I (/n(A), g(A))K;;, is ^-measurable for all n G N}, (B.2) 

one has the following facts: 

(i) Ai is a measurable family of Hilbert spaces. 

(ii) Ai is generated by {/„}„gN- 

(iii) Ai is the unique measurable family of Hilbert spaces containing the sequence 

{/n}neN- 

(iv) //{gnjneN C A4 is any sequence satisfying (/3) then Ai is generated by {gn\nen- 
Next, let w be a /i-measurable function, w > /i-a.e., and consider the space 

L^{M.■,wd^l]M) = { / G 



«;(A)d/.(A)||/(A)||^^ <oo| (B.3) 

with its obvious linear structure. On L^(R; wd^; Ai) one defines a semi-inner prod- 
uct (■,-)i2(K;^dM;Al) (^^d ^C'^^e ^ semi-norm || • \\t2(^.^^^.^M)) 



a5)i.(M;„<i^;A,)= / w{X)d^,{X){f{X),g{X))^,, f,geL'iR;wdi^;M). (B.4) 
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That (|R4| defines a semi-inner product immediately follows from the correspond- 
ing properties of (•, ■)ic^ and the linearity of the integral. Next, one defines the 
equivalence relation ^, for elements f,g e L'^ {R; wd^; Ai) by 

f ^ g \i and only ii f ^ g /.j-a.e. (B.5) 
and hence introduces the set of equivalence classes of L^(M; wd^; Ai) denoted by 

L'^{R;wdfi;M) = L^{M.;wdfi;M)/ ^ . (B.6) 
In particular, introducing the subspace of null functions 

M{R;wdfi;M) = {f e {R; wdfi; M) \ ||/(A)||k^ = for fi-a.c. A G R} 

= {/ G L\R; wdii-M) I ll/lli.(K;.„d^;A4) = 0}, (B.7) 

L^(K; wd^i; M) is precisely the quotient space i^(R; wd^] M)IN{R\ wdfi] M). De- 
noting the equivalence class of / G L'^ {W; wdfi; M) temporarily by [/], the semi- 
inner product on L^(E; wd/x; M) 

([/], [9])mR-r.d^.-M) = f "'(A)rf/i(A) (/(A),.9(A))k, (B.8) 
Jm 

is well-defined (i.e., independent of the chosen representatives of the equivalence 
classes) and actually an inner product. Thus, L'^{R;wd^; A4) is a normed space 
and by the usual abuse of notation we denote its elements in the following again 
by f,g, etc. Moreover, L'^ (R; wdfi; A4) is also complete: 

Theorem B.5. Assume Hypothesis IB. II Then the normed space {R; wd^; Ai) 
is complete and hence a Hilbert space. In addition, i^(R; wd/i; A^) is separable. 

That L'^{R;'wdii]M) is complete was shown in [111 Subsect. 4.1.2], [5S1 Sect. 
7.1], and more recently, in [53]. Separability of L^(R; wd/i; TW) is proved in [28l 
Sect. 7.1] (see also [H Subsect. 4.3.2]). 

Remark B.6. A similar construction defines the Banach spaces i''(R; wd/i; A1), 
p>l. 

Thus, Li^{R\wd^\ Ai) corresponds precisely to the direct integral of the Hilbert 
spaces 1C\ with respect to the measure wdfjL (see, e.g., [TH Ch. 4], [28l Ch. 7], [44j 
Ch. II], [m Ch. XII]) and is frequently denoted by /® w{\)dpi{X) ICx- 

Having reviewed the construction of i^(R; wd^; Ai) = w{X)d^{X) 1C\ in con- 
nection with a scalar measure wd^,, we now turn to the case of operator-valued 
measures and recall the following definition (we refer, for instance, to [IHl Sects. 
1.2, 3.1, 5.1], m Sect. VH.2.3], [28l Ch. 6], [l2j Ch. I], [45l Ch. X], |84| for vector- 
valued and operator- valued measures) : 

Definition B.7. Let Hhc & separable, complex Hilbert space. A map E : Q3(R) — > 
B{TL), with *8(R) the Borel cr-algebra on R, is called a bounded, nonnegative, 
operator-valued measure if the following conditions (i) and (m) hold: 
(i) S(0) = and < S(5) G B{n) for all B G «8(R). 

(m) S(-) is strongly countably additive (i.e., with respect to the strong operator 
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topology in T-L), that is, 

N 

E(B) = s-lim^E(i?,) (B.9) 

whenever B=[J Bj, with Bfe n = for k ^ £, e *B(R), G N. 

Moreover, !](•) is caUed an (operator-valued) spectral measure (or an orthogonal 
operator-valued measure) if additionaUy the fohowing condition (Hi) holds: 
(iii) T,{-) is projection-valued (i.e., = T,{B), B G «B(R)) and I](M) /«. 

In the following, let E : *8(M) ^> i3(/C) be a bounded nonnegativc measure, that 
is, E satisfies requirements (i) and [ii) in Definition IB. 71 Denoting T — E(IR), one 
has 

< E(B) < T e B(/C), B e <B(R), (B.IO) 

and hence 

||E(i?)i/2e||^ < ||Ti/2^||^, ^e/C, (B.ll) 

shows that 

ker(r) ^ ker (T^/^) C ker (E(B)i/2^ = ker(S(B)), S G *B(R). (B.12) 

We will use the orthogonal decomposition 

/C = /Co e /Ci, /Co = ker(r), /Ci = ker(T)-L = ran(r), (B.13) 

and identify /o = (/o 0)^ G /Co and /i = (0 /i)^ G /Ci. In particular, with 
/ = (/o /i)^', one has = ||/o||2-^^ + Then T permits the 2 x 2 block 

operator representation 

^ " (o Ti) ' ^'^^^ < ^1 e ^?(/Ci), kcr(ri) = {0}, (B.14) 

with respect to the decomposition (|B.13p . By (|B.12p one concludes that E(i3), 
B G S(R), is necessarily of the form 

nB)={j^ ^^^^^ , forsome 0< Ei(B) gB(/Ci), Z? gS(/Co,/Ci), (B.15) 

with respect to the decomposition (jB.13|) . The computation 
/o\ _ /O D* \ ffo\ _fO 



yields D = as /o G /Co was arbitrary. Thus, E(i?). B G *8(R), is actually also of 
diagonal form 

E(B) = (^[J , for some < Ei(S) G B(/Ci), (B.17) 

with respect to the decomposition (jB.13[) . 

Moreover, let /i be a control measure for E (equivalently, for Ei), that is, 

fi{B) = if and only if E(B) = for all B G »(R). (B.18) 

(E.g., fi{B) = ^„^2-2-"(e„,E(S)e„)K:, S G 'B(R), with {e„}„ei a complete or- 
thonormal system in /C, I C N, an appropriate index set.) 
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The following theorem was first stated in |53) under the implicit assumption that 
S(R) ^ T ^ lie- The general case T S B{JC), explicitly permitting the existence of 
a nontrivial kernel of T was recently discussed in [57) : 

Theorem B.8. Let !C be a separable, complex Hilbert space, S : *B(]R) — B{IC) 
a bounded, nonnegative operator-valued measure, and fi a control measure for E. 
Then there are separable, complex Hilbert spaces 1C\, A G M, a measurable family 
of Hilbert spaces Ais. modelled on /.( and {/CaIagk, o,nd a bounded linear map A G 
B{K.,L'^(R;d^; M^)) , satisfying 

IIA||s(/C,L2(R;d,,;7Wj,)) = ||7'^^^||b(x;)> (B.19) 

and 

ker(A) = ker(T), (B.20) 

so that the following assertions {i)~{iii) hold: 
(i) For all S e <B(R), ^,r/ G /C, 

(77, = / rfM(A) ((A77)(A), iM)W)K, , (B.21) 

J B 

in particular, 

{v,mK = f rf/i(A) ((A,7)(A), (AO(A))k,. (B.22) 

(a) Let I = {1, . . . , A^} for some N e N, or I = N. A({e„}„ei) generates Mt., 
where {e„}„gi denotes any sequence of linearly independent elements in IC with the 
property lin.span{e„}„gi = /C. In particular, MJC) generates A^s- 
{Hi) For all B G *B(M) and ^ e IC, 

A(5(B)0 = {XB(A)(AO(A)}AeK, (B.23) 

where {cf. fRTi)) and (|RT7| ) 

^(5)=(^o" T;'i4,{BY/^' ^(K)=^^, (B.24) 

with respect to the decomposition (jB.13[) . 

Next, we recall that the construction in Thcorem lB.Sl is essentially unique: 

Theorem B.9 ([53]). Suppose IC\, A G M is a family of separable complex Hilbert 
spaces, A4' is a measurable family of Hilbert spaces modelled on fi and {JC'^}, and 
A' G ;B(/C, L^(IR; d/x; A^')) is a map satisfying (i), (ii), and (Hi) of Theorem IB. 81 
Then for ^-a.e. A G M there is a unitary operator U\ : K,\ — >■ K,'^ such that 
f = {/(•^)}AeK e if and only if {C/a/(A)}a6R G M' and for all ^ e IC, 

(A'O(A) = C/a(AO(A) fi-a.e. (B.25) 

Remark B.IO. (i) Without going into further details, we note that Ai^, depends 
of course on the control measure /z. However, a change in fi merely effects a change 
in density and so Ms can essentially be viewed as /^-independent. 
(m) With < w a, /(-measurable weight function, one can also consider the Hilbert 
space L^(IR; wd/t; TWe)- In view of our comment in item (i) concerning the mild 
dependence on the control measure /i of A^s, one typically puts more emphasis 
on the operator-valued measure E and hence uses the more suggestive notation 
wdTi] IC) instead of the more precise I,^(K; wdfji; My.) in this case. 
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Next, let 

V = lin.span{e„ e/C|neX}, V /C, (B.26) 

and define 

= lin.span{xs(-)Ae„ S {R; d^i; Ms) \ B G *B(K), nel). (B.27) 

The fact tliat {Ae„},igi generates A^s then implies that is dense in the Hilbert 
space L^(R; d/x; A^s), that is, 

L^{^;d^JL]MY.)- (B.28) 

Since the operator- valued distribution function S(-) has at most countably many 
discontinuities on R, denoting by 6s the corresponding set of discontinuities of !](•), 
introducing the set of intervals 

Ss = {(a,/3] cK|a,/3eR\6s}, (B.29) 

the minimal cr-algebra generated by coincides with the Borel algebra 58 (M). 
Hence one can introduce 

Vs = lin.span{x(a,/J](-)Ae,i £ ^^(R; d^; Xs) | a, ^ e R\6s, n e Z}, (B.30) 
which still retains the density property in (|B.28p . that is, 

%^L'{^■d^l■,Ms). (B.31) 

In the following we briefly describe an alternative construction of L^(R; dS; /C) 
used by Berezanskii |241 Sect. VII. 2. 3] in order to identify the two constructions. 
Introduce 

Co,o(K; K) = |u : R — > u{-) is strongly continuous in /C, supp(u) is compact, 

dim ( IJ ran(w(A)) j < ool. (B.32) 

On Co.o(I^; ^) one can introduce the semi- inner product 

w)L2(R;dS;/c) = / ('^(A),dS(A)w(A))^c, u,v e Co.o(R;^), (B.33) 

JR 

where the integral on the right-hand side of (jB.33P is well-defined in the Riemann- 
Stieltjes sense. Introducing the kernel of this semi-inner product by 

N^{u^ Co,o(K; K) I (u, M)i2(R.dS;K) = 0}, (B.34) 

Berezanskii [241 Sect. VII. 2. 3] obtains the separable Hilbert space L^(R; dE; /C) as 
the completion of Co,o(IR; /C)/7V with respect to the inner product in (jB.33|) as 



L2(R;(iS;/C) = Co,o(K;^)/A/'- (B.35) 

In particular. 



(M,H)i.(i;^^K) - / (^(A),dS(A)«(A))K, u,«eCo,o(M;/C), (B.36) 

and (cf. also [511 Corollary 2.6]) (|B.36|) extends to piecewise continuous /C- valued 
functions with compact support as long as the discontinuities of u and y_ are disjoint 
from the set ©s (the set of discontinuities of !](•)). 

Since Kats' work in the case of a finite-dimensional Hilbert space IC (cf. [71], [73] 
and also Fuhrman [50l Sect. II. 6] and Rosenberg |109j ). and especially in the work 
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of Malamud and Malamud [84], who studied the general case dini(/C) < cxd, it has 
become customary to interchange the order of taking the quotient with respect to 
the semi-inner product and completion in this process of constructing L2(R; dE; IC). 
More precisely, in this context one first completes Co,o(K, /C) with respect to the 
semi-inner product (jB.33|) to obtain a scmi-Hilbert space 



L2(K;dE;/C) = Co,o(lR;/C), 



(B.37) 



and then takes the quotient with respect to the kernel of the underlying semi-inner 
product, as described in method (I) of [57l Appendix A]. Berezanskii's approach in 
[24l Sect. VII. 2. 3] corresponds to method (II) discussed in [571 Appendix A]. The 
equivalence of these two methods is not stated in these sources, but was spelled out 
explicitly in [57] . 

Next we will recall that Berezanskii's construction of L"^ {M.; dT,; K.) (and hence 
the corresponding construction by Kats (if dmi{IC) < oo) and by Malamud and 
Malamud (if dim(/C) < oo) is equivalent to the one in [S^ and hence to that 
outlined in Theorem lB.81 For this purpose we recall that it was shown in the proof 
of Theorem 2.14 in [SJ that 

Ve = lin.span|x(a,^](-)en e L2(i^;/C) a, /3 G M\6s, n G l|, (B.38) 
is dense in L'^{M.; dS; K,). 

Theorem B.ll. The Hilbert spaces L'^{M.;dJ^;JC) and L'^{M.; djj.; Ais) are isomet- 
rically isomorphic with isomorphism Uy: defined as follows: 



X(a, (}]{■) Sn ^ X{a,l3]( 



I Ae„ 



a,/3 G M\6s, n G X, 



(B.39) 



establishes the densely defined isometry between the Hilbert spaces L^(R; dE; IC) ana 
L"^ (M.; djjL] Mt.) which extends by continuity to the unitary map 



Ut.=U^: L2(R;dE;/C) -> ^^(R; d//; TWs)- 



(B.40) 



As a result, dropping the additional "hat" on the left-hand side of (|B.35p . and 
hence just using the notation {M.\ dY,; K) for both Hilbert space constructions is 
consistent. 

We continue this section by yet another approach originally due to Gel'fand and 
Kostyuchenko [51] and Berezanskii [24l Ch. V]. In this context we also refer to 
Berezankii [25j Sect. 2.2], Berezansky, Sheftel, and Us [26l Ch. 15], Birman and 
Entina [27], Gel'fand and Shilov [52l Ch. IV], and M. Malamud and S. Malamud 
[HI, [El]: Introducing an operator K G B^iU) with ker(i4:) = keT{K*) = {0}, one 
has the existence of the weakly /x-measurable nonnegative operator- valued function 
^'if(-) with values in Bi{H), such that 



Nl/2 



(/,E(B),9)„= / d^i{t){^Kity^'K-\f,^K{ty^''K"g)^, 

J B 

f,g e dom{K-^), B G <B(R), B bounded, 



with 



dK*Y.K 
djjL 



(•) /i-a.e. 



(B.41) 



(B.42) 
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In fact, the derivative exists in the Si(7^)-norm (cf. [27] and [83], [84]). 

Introducing the semi-Hilbert space Ht, t G M. as the completion of dom (iiT"^) 
with respect to the semi-inner product 

{f,9)n, - {^K{ty/^K-^f,'fK{t)^^^K~^g)^, f,gGdom{K-^), teR, (B.43) 

factoring Ht by the kernel of the corresponding semi-norm ker(|| ■ \\-fi^) then yields 
the Hilbert space Ht = Ht/ker(|| • \\^^), t e M. One can show (cf. [83], [84]) that 

(K; dT,; K.) and / dfi{t)'Ht are isomctrically isomorphic, (B.44) 
Jr 

yielding yet another construction of L^(M; dS; IC). 

Finally, we will discuss one more characterization of L^(R;dI];/C) which is used 
in Sections |4] and [5] and closely patterned after work by Saito |112j . 

Definition B.12. Let Ai, A2 G M, Ai < A2. 

(z) Assume that Q : [Xi,X2] B{1C), u : [Ai,A2] /C, and p : [Ai,A2] B{1C). 
Denote by A a finite subdivision of [Ai, A2] of the form Ai = ryo < ?7i < • ■ • < r/„ = 
A2. The norm of A, denoted by ||A|j, is defined by ||A|| — maxo<j<n-i — rjj]. 
If the limit 

n-l 

w-lim ^ Q(7y;-)[p(77,+i) - p{ri,)]u{i^',), (B.45) 

l|A|KO^ 

or 

n-1 

W-lim ^ Q(77^.)["(^j-+i) - n{iij)], (B.46) 

with rj'j € [r^j, 77j_|_i], Q < j < \, exists in the sense of weak convergence in K, 
independently of the choice of subdivision A and the choice of 77^ , < j < n — 1, 
then the limit is denoted by 

/ Q(X)dp(X)u{X), (B.47) 



Q{X)du{X), (B.48) 

'[Ai,A2] 

respectively. 

(a) Suppose that for any Ai G (Ao,A2] the integral (|B.45[) or (|B.46p exists in the 
sense described in item (i), and that 



w-lim / 0(A)dp(A)u(A), (B.49) 

AiiAo J[Ai,A2] 

or 

w-lim [ Q{X)du{X), (B.50) 

AiJ-Ao J[Ai,A2] 

exist in the sense of weak convergence in /C. Then one defines the integral over the 
interval (Ai, A2] by 



Q(A)dp(A)u(A) = w-lim / Q{X') dp{X') u{X'), (B.51) 

(Ai.As] ^-^^1 ^[A,A2l 
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or 

Q (X) du{X) = w-\im [ Q{X')du{X'). (B.52) 

Lemma B.13 ([III]). Let Ai,A2 £ M, Ai < A2, Q G C\[Xi,X2],B{JC)), u e 
C^([Ai, A2], /C), OTirf p : [Ai,A2] — > B{K), such that for some constant C > 0, 
l|p(A)||i3(K;) < C*; A G [Ai,A2]. Suppose, in addition, that 

for all f G /C, (/, [(3'(-)p(-)u(-) + (3(-)p(-)u'(-)])^ is Riemann integrable 

r\ \ 1 (B.53) 
on [Ai, A2J. 

Then Jj_^^ Q(A) (ip(A) m(A) exists in the sense of Deftnition \B.T2\ (i). and 
f, [ 0(A) dp{X} u{X}) ^ if, 0(A2)p(A2)k(A2))k - (/, 0(Ai)p(Ai)?.(Ai))k: 

"'[Ai.Aa] Jk 
A2 

dA(/,[0'(A)p(A)?/(A) + 0(A)p(A)u'(A)])^, / G /C. (B.54) 

Ai 

Lemma B.14 ([HI]). Let Ai,A2 G M, Ai < A2, Q G Ci([Ai, A2], 6(/C)), and 
V : [Ai, A2] — )■ JC, such that for some constant C > 0, ||w(A)||ac i£ C, X £ [Ai,A2]. 
Suppose, in addition, that 

for all f G fC, {f,Q'{-)v{-))j^ is Riemann integrable on [Xi , X2] ■ (B.55) 

Then Jj_^^ 0(A) 'ii'(A) exists in the sense of Definition lB .T2\ (i) . and 



/, / 0(A) dviX) = (/, 0(A2)^;(A2))k - (/, QiXi)viXi))K 

" (B.56) 

" 'dA(/,0'(A)z;(A))^, /G/C. 
' Ai 

Definition B.15. Let Ai, A2 G M, Ai < A2. 

(i) Assume that fjUi : [Ai,A2] —?■ JC, and that S : S(M) -> S(A^) is a bounded 
operator- valued measure as defined in Definition IB.7I Denote by A a finite subdi- 
vision of [Ai, A2] of the form Ai = 770 < 771 < • • • < 77,1 = A2 as in Definition IB. 121 
with norm j|A||. If the hmit 

lim ^(z;(,7;.),P(,7,+i)-S(,7,)]«^(^;-))^, (B.57) 

l|A|KO^ 

with rj'j G [rjj , ^^j+i] , < j < ?^ ~ 1, exists independently of the choice of subdivision 
A and the choice of ?7j , < j < n — 1 , then the limit is denoted by 

/ {v{X),di:{X)w{X))K, (B.58) 

(ii) Suppose that for any Ai G (Aq, A2] the integral (|B.58p exists, and that 



lim / (w(A), dE(A)w(A))K; exists. (B.59) 



Then one defines the integral over the interval (Ai, A2] by 



/ (i;(A), dS(A)u;(A))„ = lim / {viX), dJ:{X') w{X'))n. (B.60) 

'(Ai,A2] ^^^W[A,A2] 
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Lemma B.16 ([in]). Let Ai,A2 G M, Ai < A2, v,w G ^2], /C), and S : 

*8(M) — S> i3(/C) a hounded operator-valued measure as defined in Definition IB. 71 
T/ien Jj^^ (w(A) c?E(A) w(A))-H exists and 

[ {v{X), dI](A) u;(A));c = («(A2), S(A2)u;(A2))k; - («(Ai), I](Ai)u;(Ai))k; 

''dA[(t;'(A),E(A)u;(A))^ + (i;(A),S(AX(A)])J. (B.61) 

Ai 

Next, consider the vector space Vq defined by 



supp(u) compact; u is left-continuous and has only 



discontinuities of the first kind; there exists {Xj(u)}i<j<N , Ai < A2 < Xn, 

iu{X), X e (Aj,A,+i], , . , 

such that < , _ , IS strongly continuously 

Ia"'™'"' J' 

differentiable on [A^, A^+i], 1 < j < - 1, and u{X) = for A G M\[Ai, AAr].| . 

(B.62) 

Given S as in Definition IB.15[ Saito |112) then introduces the semi-inner product 
on T>o X Vq by 

{v,w)^.s^Y. (viX), dJ:iX)w{X))K, v.weVo, (B.63) 

j=l •'(7fc:7fc + l] 

where {7A;}i<fc<if represents the discontinuities of v and w, appropriately ordered 
with respect to magnitude. Introducing the subspace of null functions by Af^^s = 
{u G 2?o|(m,m)e,s = 0}, the completion of Vo/Nt,.s becomes a Hilbert space 
denoted by 

L\R- dH- lC)s = Vo/Af^,s- (B.64) 
Next, we recall that u : R — s- /C is called a step function if 

\0, AGM\Uf=i(a„/3,], 

Denoting the set of step functions by 2?stcp, then clearly Pgtcp C Vq, and one can 
prove that 

V^^L\R;dJ:;IC)s. (B.66) 

It remains to show that Saito's space L^(M; dS; /C)5 and i^(]R; dS; /C) discussed 
in Theorem IB. 5 1 and Remark IB.IOK m) are isometrically isomorphic. We will show 
this by proving that Saito's construction L'^ {R; dT,; IC) s , actually, coincides with 
Berezanskii's construction, L'^ (R.; dH; K.) in (|B.35[) : 

Theorem B.17. The Hilbert spaces L'^ {R; dT,; IC) s and L"^ (R]dE; K.) coincide. 



44 



F. GESZTESY, R. WEIKARD, AND M. ZINCHENKO 



Proof. By (|B.38|) . 2?step is dense in L'^ (R; dT,; IC) . Since 2?stcp is also dense in 
L^(R; dE; /C)s, the elementary fact 

IIX(a,/3] e„ ||i2(R.dS;/c)s = Jj'^^"''^^ e„, dE(A)x(a,/3] (A) e„)/c 

= / rf(e„,S(A)e„)/c 

= (e„,i;((Q:,/3])e„)/c 

completes the proof. □ 

Acknowledgments. We are indebted to Mark Malamud for numerous discussions 
on this topic. 
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